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Abstract: We investigate a flexible two-component semiparametric mix-
ture of regressions model, in which one of the conditional component distri-
butions of the response given the covariate is unknown but assumed sym-
metric about a location parameter, while the other is specified up to a scale
parameter. The location and scale parameters together with the proportion
are allowed to depend nonparametrically on covariates. After settling identi-
fiability, we provide local M-estimators for these parameters which converge
in the sup-norm at the optimal rates over Hoélder-smoothness classes. We
also introduce an adaptive version of the estimators based on the Lepski-
method. Sup-norm bounds show that the local M-estimator properly esti-
mates the functions globally, and are the first step in the construction of
useful inferential tools such as confidence bands. In our analysis we develop
general results about rates of convergence in the sup-norm as well as adap-
tive estimation of local M-estimators which might be of some independent
interest, and which can also be applied in various other settings. We inves-
tigate the finite-sample behaviour of our method in a simulation study, and
give an illustration to a real data set from bioinformatics.

Keywords and phrases: adaptive estimation, M-estimation, switching
regression, semiparametric mixture, uniform rates of convergence.

1. Introduction

Practitioners are frequently interested in modelling the effect of a d-dimensional
explanatory vector X on a response random variable Y by using a regression
model estimated from a random sample (X;,Y;)1<i<pn of (X,Y). To allow vary-
ing parameters for different groups of observations, finite mixtures of regressions
(FMRs) have been suggested in the literature. Statistical inference for paramet-
ric FMR models using a moment generating function method was first intro-
duced by Quandt and Ramsey (1978). An approach based on the expectation-
maximization (EM) algorithm was suggested by De Veaux (1989) in the two-
component case. Zhu and Zhang (2004) established the asymptotic theory for
testing for the number of components in parametric FMR models. More recently,
Stéadler et al. (2010) proposed an ¢1-penalized method based on a Lasso-type
estimator for a high-dimensional FMR model with d > n.
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To gain further flexibility, various authors suggested the use of semiparametric
FMR models. Hunter and Young (2012) studied the identifiability of an m-
component semiparametric FMR model and numerically investigated an EM
algorithm for estimating its parameters. Bordes et al. (2013) showed asymp-
totic normality of a semiparametric estimator in a two-component mixture of
linear regressions. Huang and Yao (2012) and Huang et al. (2013) considered a
semiparametric linear and nonlinear FMR model with Gaussian noise in which
means, variances and mixing proportions depend on covariates nonparametri-
cally. They established also the asymptotic normality of their local maximum
likelihood estimator and investigated a modified EM-type algorithm. Recently
Butucea et al. (2017) proposed a Fourier based approach to deal with a new
semiparametric topographical mixture model able to capture the characteris-
tics of dichotomously shifted response-type experiments. See also Compiani and
Kitamura (2016) for an overview on semiparametric mixtures with a focus on
econometric applications.

In this paper we investigate a two-component FMR model, in which one of
the conditional component distributions is unknown but assumed symmetric
about a location parameter u, while the other is specified up to some scale
parameter ¢. The location parameter u, the scale parameter o as well as the
proportion p are allowed to depend nonparametrically on the covariates. After
settling identifiability, we provide local M-estimators for these parameters which
converge in the sup-norm at the optimal rates over Holder-smoothness classes.
We also introduce an adaptive version of the estimators based on the Lepski-
method, see Lepskii (1992).

Sup-norm bounds show that the local M-estimator properly estimates the func-
tions globally, and allow for a slight additional smoothing of the estimated func-
tions in order to obtain continuous estimates without deteriorating the rates of
convergence. Further, uniform rates are the first step for the construction of
confidence bands which are a very useful inferential tool, see e.g. Chernozhukov
et al. (2014).

Inspired by Butucea et al. (2017), the contrast that we use in the estimation
procedure is based on characteristic functions, thus simplifying the approach in
Bordes and Vandekerkhove (2010) which requires an additional smoothing when
building the contrast. We also develop general useful technical tools based on
the Bernstein-inequality in Giné et al. (2000) when the contrast has the form of
a U-statistic.

In our analysis we develop general results about rates of convergence in the
sup-norm as well as adaptive estimation of local M-estimators which might be
of some independent interest, and which can also be applied in various other
settings, e.g. to the models in Butucea et al. (2017) or in Huang and Yao (2012).
The paper is organized as follows. In Section 2 we formally introduce the model.
Section 3 deals with identifiability of the parameters, for which we provide some
general results. Section 4 introduces the estimation methodology and in partic-
ular develops the contrast function underlying the M-estimator. In Section 5 we
obtain optimal rates of convergence in the sup-norm for our estimators, while
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Section 6 deals with adaptivity. In Section 7 we provide results of some numeri-
cal experiments, and also analyze the ChipMix data set from Martin-Magniette
et al. (2008) which was previously analyzed in Bordes et al. (2013) using linear
FMRs. Section 8 presents our general theory for local M-estimators as well as
technical tools for contrasts in the form of U-statistics. Finally, Sections 9 - 12
contain the technical proofs.

2. Two-component mixture of location-scale regressions

We consider the following nonparametric regression model
Y = Wi ((Xi) +e1) + (1= Wi)o(X)eai, i>1

for sequences of independent and identically distributed (i.i.d.) random vectors
(X;)ien supported on a compact set I C R% d > 1, and i.i.d. random variables
(Ya)iens (Wi)ien, (€1,:)ien and (g2,;)ien. The explanatory variables X; and the
response variables Y; are assumed to be observable while the latent variables
W; and the error variables €1 ; and €3 ; are not. The covariates X; are assumed
to have a probability density function (pdf), denoted by ¢ : I — (0,00), with
respect to the Lebesgue measure. The unknown location and scaling functions
p: I —Rando: I — (0,00) partially determine the distributional relationship
between the explanatory and response variables along with the unknown mixing
function p : I — (0, 1). Finally conditionally on {X; = z}, the variables W; are
assumed to have a Bernoulli-distribution with parameter p(z), that is

P(W; =1X, =z)=p(z) and P(W;=0X;=2)=1—-p(z).

Further we assume that conditionally on {X; = z}, the vectors 1, and &g
have zero-symmetric conditional pdfs, denoted respectively f, and f, where f
is assumed to be known and not to depend on z, while f; is unknown and may
depend on x. If we furthermore have the conditional independence relations

€1,i AL W1|Xz and €2,¢ AL W1|XZ s
the random vectors (Y;, X;) have the following joint density
= [2 ) (ylw)e 2.1
frx(yz) = fyx (ylz)l(x) (2.1)

1—p() z( v
= [U(x)f(a(x)) +p(@) fuly — p(2)| - (z), (y,2) eRXT,

where the functional parameter

I(z) = (p(x), 0(2), p(@), f2)

collects all the z-local quantities to be estimated from the data.
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3. Identifiability

Regarding the identifiability problem, it is enough to consider model (2.1) with-
out covariate as we aim to estimate the various parameter-functions for each
given value of z. Our identification strategy and results will be similar to those
in Bordes et al. (2006) and Hohmann and Holzmann (2013). We suppose that
both the known pdf f as well as the unknown pdf f are zero-symmetric and
have finite third-order moments. Hence, we consider mixtures of the following

form
fumix(39) = (L= p)f(y/o) o +pfly—p), yER, (3.1)
where
9= (p,o,p f)T €[0,1] x (0,00) x R x &,
and f € & with

E={f:R—[0,00)| feven, [ f(z)dz =1, |z’ f(x)dz < oo} .

Note that we may assume that f is normalized, that is Ik y? fz(y)dy = 1. In the
following we provide two sets of identifiability assumptions. The results rely on
the symmetry of the component pdfs. Indeed f is symmetric if and only if its
characteristic function or Fourier transform

wr(t) = /exp(itz)f(z) dz, teR,

is real-valued.
Our first assumption imposes a constraint on the true mixing parameter p. but
requires only mild conditions on the component pdfs f and f,.

Assumption 1. The true model parameter 0, = (p«, 0, jx, f«)T and the com-
ponent pdf f satisfy

(I1) gy € R\{0}, p. € (1/2,1) and o, € (0, 0),
(I2) f €& and ;> 0,
(I3) f. € & and ;. > 0.

The second assumption does not impose a restriction on the mixing parameter
but rather depends on the relationship of both component densities f and f,.
That is, the characteristic functions of these densities need to be distinguishable
in the tails in one of the following manners.

Condition 1. We consider the two following conditions:
(C1) For large t € R it holds that ¢y, (t) # 0 and for all ¢ > 0, we have
pi(at)
im =
t=o0 @y, (t)

(C2) For large t € R it holds that oy, (t) # 0, p¢(t) # 0 and for all o > 0, we
have

pr(at)
1im
t=o0 0 (0’t)

t
— (t)

)
tooo pp(ot)

=0, Vo<o' <o.
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Example 1.

(i) Condition (C1) holds when f, ~ Laplace(u1,01) and f ~ N (o, 03).
(ii) Condition (C2) holds when f ~ t(v) and f. ~ N (u1,0%).
(iii) When both component densities are Gaussian, none of the conditions are
satisfied. Identification is still possible under Assumption 1, however.

Admissible unknown component pdfs f, are aggregated in the class of functions

S; ={f €& : (f,f) meets one of the conditions (C1) or (C2)} .

The second identifiability assumption is as follows.

Assumption 2. The model parameter ¥, = (ps, 04, pis, fx) ' and the known
component density f fulfill

(I'1) . € R\{0}, p. € (0,1), 0. € (0,00),
¥'2) fe&,
(I'3) f.e&l

We can now state the following identifiability theorem, the proof of which is
provided in Section 9.

Theorem 3.1 (Identifiability). If Assumption 1 or 2 holds we have the following
identifiability property. If 9 satisfies fumix(Y; V%) = fmix(y; 9) for almost ally € R
then ¥ = 9,.

Remark 1. It is important to notice that in both identifiability results, the tech-
nical conditions are only imposed on the true parameter ¥, = (p«, O, fis, fo) -
Identification is then ensured within the whole class of parameters.

4. Estimation Methodology

We first present our estimation methodology in the model (3.1) without covari-
ates. The approach to build a contrast function based on Fourier transformation
is inspired by Butucea and Vandekerkhove (2014). In particular, as opposed to
Bordes et al. (2006) and Bordes and Vandekerkhove (2010) we do not require an
additional smoothing parameter for the indicator to obtain a smooth contrast
function. Hence, in this restricted setting our approach yields asymptotically
normally distributed estimators at y/n-rate without additional smoothing.
Specifically, first assume that the observations Y; have density fmix(y;¥s) as in
(3.1), where f, f. € & and

Ou = (s 0e, pa) T €(0,1) x (0,00) x R\{0} , 0 = (6], f)" .

The characteristic function of fiix(;9) is given by

Tt

‘me;x(-;ﬂ*)(t) =(1-ps) ‘Pf(o'*t) +p«e or.(t) .
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Now, since f, is symmetric, p.y, (t) is real-valued for all ¢ € R and so is

(@ e () = (L= D) (o t) ) e (4.1)

Since @y, (+0.)(t) e+ is the characteristic function of ¥ — p,, we get that
the imaginary part of (4.1) satisfies

0= %((C‘OfmiX(‘?ﬁ*)(t) —(1—=ps) <,0f(cr* t)) eit"*)
=Ko, [Sin ((Y — M) t)} + (1 = px) pylont) sin(tp.) (4.2)

for all t € R, where we used that ¢ ¢(ot) is real-valued since f is symmetric,
and where Ey, denotes the expectation with respect to the distribution Py,
which has density fumix(y;¥«) with respect to Lebesgue measure. Hence, setting
H:RxRx[0,1] x (0,00) x R — [-2,2],

H(y,t,0) =sin ((y — p)t) + (1 = p) ¢ (ot) sin(ut), (4.3)

we can define the contrast function
M(6:9.) = / B3 [H(Y,t,0)]q(t) dt (4.4)

R
for some strictly positive density ¢ that is chosen a priori. We have the following

identification result for this contrast.

Proposition 4.1 (Contrast property). Let Assumption 1 or 2 hold. Then the
function M(-;9,) : [0,1] x (0,00) x R — [0,4] defined in (4.4) is a discrepancy
function, that is for 6 € [0,1] x (0,00) x R, we have

M(6;9,) =0 = 0=0,= (p*,o'*,,u*)T

The proof is provided in Section 9. An estimator 6,, for 6 is based on minimizing
an empirical version of the contrast given by the U-statistic

My(0) = ———— 3 /HY £, 0)H (Yo, 1, 0)q(t) i

n(n—1)
1<j#k<n

An analysis similar to that in Butucea and Vandekerkhove (2014) shows that
under appropriate assumptions, the estimator 0, is asymptotically normally
distributed. Let us return to the regression model (2.1). Our general estimation
strategy is then analogous to that in Butucea et al. (2017). For the z-local
parameter

0.(x) = (p(2), 0.(x), pu(x)) " € (0,1) x (0, 00) x R\{0}

and

Do(z) = (0] (x), )7, with fF e &s,
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Assumption 1 or 2 is imposed globally. The asymptotic contrast is given by

M6, 2:7) ::/Ruai [H(Y,1,0)|X = o]q(t)dt - (), (4.5)

where again K, denotes the expectation with respect to the distribution P,
which is the probability measure from the underlying statistical model, i.e.

P((X) € ) = [ Q0@ Ama) . = 0.0.0)

In order to estimate the contrast M, we use a U-statistic type estimator localized
at x,

MO zh) =————— % /HYt9 (Vi t,0)qt)dt  (46)

n(n—1)
1<j#k<n

K (X — ) Kn(Xy — 96)) 7

where K : R? — R is a kernel function and h € (0, 00) is a bandwidth parameter.
The estimator 6,, : I — R?® of the parameter function 6,(-) is then defined as
the pointwise minimizer of (4.6), that is

0,,(2; h) € argmin M, (0, z; h) , (4.7
0co

where © is a suitable compact subset of (0,1) x (0,00) x R\{0} that we specify
below.

5. Optimal rate of convergence in the supremum norm

In this section we derive the convergence rate of the estimator ,, (z; h) for the un-
derlying parameter functions p. (), pu«(+), o«(-) over Holder smoothness classes.
We focus on the supremum norm error for the following reasons. First, although
the estimator is defined as a pointwise minimizer in (4.7), convergence in the
sup-norm shows that it properly estimates the parameter functions p.(-), p. (),
o«(+) in a global way. Second, a sup-norm bound allows to slightly smooth the
estimated functions in order to obtain continuous estimates, without deterio-
rating the rates of convergence. Third, uniform rates are the first step for the
construction of confidence bands which are a very useful inferential tool, see
e.g. Chernozhukov et al. (2014).

Our technical analysis is based on general results for local M-estimators obtained
in Section 8.1, and hence is quite different from that in Butucea et al. (2017)
who prove pointwise asymptotic normality using undersmoothing. Indeed, our
approach could also be applied to their model to obtain similar results as in
Theorems 5.1 and 6.1 below.
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We investigate estimation over Holder-smoothness classes of functions. Denote
the set of Holder smooth functions on I with Hélder parameter o« > 0 and
Holder constant L > 0 taking values in some set U by

H(o, L,U) :={f : I — U | f is continuous and |a-times differentiable in int(1),
Ik = Lo, @,y € int(1) : [0 () — 0" F(y)] < Lljw — y]*~ 1
VI<[kl<la) @ 0" fle <L} .

Here |a] = max{k € Ny | k < o} and we use the standard multi-index notation
for multivariate derivatives, i.e. for k = (ky, ..., kq), we write 9% f = afl ... 8§df
and |k| = k1 + ...+ k4. Note that if U is bounded we have that

sup || flleo < max{—infU, supU} < co.
feH(a,L,U)

We suppose that p.(-), p«(-), ox(-) and £(-) are Hoélder smooth with the same
parameters o and L > 0. Specifically, for given U, C (0,1), U, C R\{0},
U, C (0,00), Uy C (0,00) we consider the set of parameters

Ia) = {7 = (9:(~),£(-))T | ¢ e H(a, L, Uyp), 0, = (p*,u*,a*)Twith (5.1)
P« € H(o, L,Up), ps € H(o,L,Uy,), o4 € H(a,L,UU)} )

For convenience the sets Uy, U,, U,, U, in the definition of I'(«v) in (5.1) are
assumed to be compact rectangular sets. We shall take © in the definition (4.7)
of the estimator 6,,(x; h) to be

O=U,xU,xU,. 5.2
P I3

Note that we excluded the conditional density f; of €; given X = x from the
parameter set. Indeed we of course do not assume that this is known, but in
their present form the rates are not uniform with respect to this parameter.
Extensions are possible but would result in still higher technical complexity.

Assumption 3.

(M1) The identification Assumption 1 or 2 is fulfilled for all = € I.

(M2) For each y we have that f*(y) € H(a, L(y),U) for some integrable and
bounded function L(-) and some compact set U C [0, 00). In addition, for
x € I the characteristic function ¢ of the density f; is strictly positive.

(M3) The known component density f fulfils (I2) and the functions y — yf(y),
f and 9% are bounded and we have that limy . tdp 7(t) = 0.

(K1) The kernel K : R? — R is Lipschitz continuous with Lipschitz constant
Lg > 0 and has support [—1,1]4.
(K2) The kernel K is of order «, i.e. for all |k| < [«] it holds that

/sz(z)dz:/zfl~...-z§dK(z)dz:0.
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(K3) The probability density ¢ has a finite third absolute moment and is
bounded.

Theorem 5.1 (Main result: Rate of convergence). Under Assumption 3, given

1
a compact rectangle J C int(I), if we let hy, ~ (10%) 2otd e have that

n \ Zora .
lim limsup sup IPQ(( ) sup || 0 (@3 hy) — 0.(z)|| > 77) =0.
zeJ

N0 n—oo ~yel(a) IOgTI,
Thus, the estimator én(, hy) has the convergence rate (loﬂ)ﬁ in the sup-
norm for convergence in probability over the parameter set I'(«v). A classic result
from Stone (1982) states that this rate is optimal for nonparametric regression
in d dimensions over Holder smoothness classes. The proof of Theorem 5.1 which
relies on the theory presented in Section 8.1 is given in Section 10.

6. Adaptive estimation

In Theorem 5.1, the choice of the bandwidth h,, ~ (10%) T requires a-priori
knowledge of the smoothness parameter . In this section we shall make the
estimator 6, (z;h) in (4.7) adaptive w.r.t. this parameter by using the Lepski-
method, see Lepskii (1992), Lepski et al. (1997) and Golubev et al. (2000).

We shall use an indirect approach and choose an adaptive bandwidth based on
the gradients of the contrast functions in (4.5) and (4.6),

Sn(0,2;h) = OgM,(0,2;h) , S(0,z;v) = 0e M (0, x;7), (6.1)
where 9p = (9, 0,,0,) . We let
h(@) = hu(a) = (logn/n)/*D and  r(a) = ru(a) = h(a)®
which we consider over a grid of smoothness parameters

b—a
ar=a+k N k=0,....,N,

where N = [logn] = min{k € N | k > logn}, and set
hk = h(ak), T = T(Oék).

For a sufficiently large constant Cr.p, < 0o we consider the Lepski choice

k= maX{O <k<N]| sup HSn(&x;hk) — Sn(G,:E;hl)H <Crepr; V0L k} ,
z€l,0€0

which leads to the estimator

02(x) = argmin M,, (0, z; h;) -
0€c©

In order to make use of the highest possible smoothness order b, we need the
following assumption.
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(K2) The kernel K is of order |b].

Theorem 6.1 (Main result: Adaptive rate of convergence). Let 0 < a < b <
0o and let K be a kernel fulfilling Assumptions (K1) and (K2). Then, under
Assumptions (M1) - (M3) and (K3), for any compact rectangular set J C
int(I) and for sufficiently large Crep > 0 we have that

N0 n—oo a€gla,b] yel(a) logn

Tatd ~
lim limsup sup sup P, (( “ ) sup ||05%(z) — 0.(z)| > 77) =0.
zeJ

The proof of this theorem, which is given in Section 10, is again based on a
general adaptivity result for local M-estimators obtained Section 8.1.

7. Simulations and real data illustration
7.1. Simulations

We propose in this section to investigate the finite sample size properties, in the
supremum norm sense, of the functional estimator 0y, (; hn) = (Pn(2), 6 (2), fin ()
over two models (M1) and (M2) described below in dimension d = 1. Com-
monly to both models we choose

p(z) =0.75 — 0.15sin (%) , w(z) =15+ 1Sin (E) ,

2 2
1 1. /x
o(x) = B + 5o (Z) .

and

1
(M1 : Gaussian) X ~ N (3,7), e14|[{Xi=z} ~N <0, 4>, g9 ~N(0,1),

(M2 : Laplace) X ~N(3,7), €1,|{X; =2} ~ Laplace(0, ~ N(0,1).

R
2\/5 y €2,
Notice that we set the variance of 1 ,|{X; =z} equal to 1/4 in both mod-
els (M1) and (M2) for fair comparison. Identifiability also of model (M1) is
guaranteed by Theorem 3.1 since Assumption 1 is satisfied.

The density ¢ in the empirical contrast M, (9, z;h) in (4.6) is a N'(0,1) distri-
bution, the kernel K(-) =1/2(1 — |z|)I_1<z<1 (triangular kernel) and

hy = [1.06 x (”;L”Y) n_1/5] . (7.1)

where £ is a smoothness/scaling parameter the influence of which is to be tested.
The general form within brackets is a sort of rule of thumb. Thus we refrain from
implementing the Lepski search and instead manually investigate the influence
of the bandwidth over a suitable grid of values. The initialization is done at:
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P(%)iniviar = p(x) + unif(—0.1,0.1), finitiax = p(x) + unif(—0.25,0.25) and
Oinitial = 0(2) + unif(—0.1,0.1) for model (M1).
We compute our estimator 6, (-, h,,) over a testing grid

G={xp=-10+k; 1<k <K =25},

which is basically the interval [—5,10] divided in cells of size 0.05. In Figure
1, respectively Figure 4, we present the behavior of the supremum error dis-
tribution over the location, scaling and proportion functions in model (M1),
respectively model (M2), for n = 4000, 10,000 and 20,000 and index values of
k defined in (7.1). In Figure 2, resp. 3, we display one single run performance
for n = 4000, resp. n = 10,000, under £ = 4 and 10, to illustrate the influence
of the sample size n and the scaling parameter x on our method.

Comments on Figures 1—4. We remark first that, despite the fact that the
variance of the second component is common to models (M1) and (M2), the
performances in terms of bias and variance of the supremum norm are dramat-
ically better for model (IM2). While this seems to be somewhat in contrast
to our theory since the Gaussian density is much smoother than the Laplace
density, we suspect that the effect is due to better separability of the two densi-
ties (Gaussian and Laplace) in model (M2) as compared to model (M1) (both
Gaussian). Further, Figures 2 and 3 show the positive impact of the sample size
on the largest estimation deviation over the different parameter functions. We
clearly see that the estimated curves better “hold onto” the target curves when
the sample size increases from 4,000 to 10,000. Let us finally notice that the
most difficult parameter to control is the scaling as illustrated in Figures 2 (b)
and 3 (b) by the quite large amplitude of the oscillations along the graphs.

7.2. Application to NimbleGen high density array

We consider the NimbleGen high density array dataset analyzed by Martin-
Magniette et al. Martin-Magniette et al. (2008) and Bordes et al Bordes et al.
(2013). The aim of these authors was to fit a simpler linear model than (2.1),
where basically p(z) = p € (0,1) is fixed, the location function p, = o + fx
where « and 8 are respectively the intercept and slope of the second component
linear regression function, and the scaling function o (z) = ¢ is known. Originally
the dataset, produced by a two color ChIP-chip experiment, consists of n =
176, 343 observations (z;, ;). A parametric mixture of linear regressions with
two unknown components was fitted first to the data by Martin-Magniette et
al. Martin-Magniette et al. (2008) under the assumption of normal errors using
an EM approach. More details can be found in Vandekerkhove Vandekerkhove
(Vandekerkhove). The latter author suggested to consider that the intercept and
the slope of the first component axis were precisely estimated by the values 1.47
and 0.82, respectively, obtained by Martin-Magniette et al. Martin-Magniette
et al. (2008), and applied the transformation y; = §; — (1.47 4+ 0.82x;) to obtain
a dataset (z;,y;) that fits into the setting considered in this work (centered first
component). The transformed dataset scatter plot is displayed in Figure 5 along
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Fig 1: Under model (M1), behavior of the supremum error distribution over
the location, scaling and proportion, functions (rows) for n = 4000, 10,000 and
20,000 (columns). The index under each boxplot corresponds to the value of &,
involved in (7.1), under which the supremum empirical distribution is obtained.

with the linear regression functions obtained by Martin et al. Martin-Magniette
et al. (2008) (blue dashed line) and Bordes et al. Bordes et al. (2013) (blue
solid line) and the nonlinear regression function fitted by our method (red solid
line). Let us also remind that the estimated value of p found by these authors
is very similar and about 0.35. In Figure 6 we display the graph of (z,y) —
1/6n(2)f(y/6n(x)) over a (z,y)-grid to illustrate the influence of the scaling
on the first component shape population. In Figure 7 we display successively
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(a) Location function estimation (dashed line) and true location function (solid red

line), n = 4000. Left: x = 4. Right: x = 10.

(b) Scaling function estimation (dashed line) and
line), n = 4000. Left: x = 4. Right: x = 10.

(c) Proportion function estimation (dashed line) and true location function (solid red

line), n = 4000. Left: x = 4. Right: x = 10.

Fig 2: One single run fitting example under model (M1) : left column, resp.
right column, is obtained for n = 4000 and k = 4, resp. k = 10.

the results obtained on the location, scaling and proportion functions over 10
model fitting attempts, sourcing every time different 10, 000-size samples from
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(a) Location function estimation (dashed line) and true location function (solid red
line), n = 10,000. Left: k = 4. Right: x = 10.

(b) Scaling function estimation (dashed line) and true location function (solid red
line), n = 10,000. Left: k = 4. Right: x = 10.

(c) Proportion function estimation (dashed line) and true location function (solid red
line), n = 10, 000. Left: k = 4. Right: x = 10.

Fig 3: One single run fitting example under model (M1) : left column, resp.
right column, is obtained for n = 10,000 and k = 4, resp. x = 10.

the transformed NimbleGen dataset.
Comments on Figure 5-7. We can observe on Figure 5 that the estimated loca-
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(¢) Proportion, n = 4000, 10,000 and 20, 000.

Fig 4: Under model (M2), behavior of the supremum error distribution over
the proportion, scaling and location functions (rows) for n = 4000, 10,000 and
20,000 (columns). The index under each boxplot corresponds to the value of ,
involved in (7.1), under which the supremum empirical distribution is obtained.

tion function obtained by our method is clearly below the regression lines pro-
posed by Martin-Magniette et al. Martin-Magniette et al. (2008) (blue dashed
line) and Bordes et al. Bordes et al. (2013) (blue solid line). The consequence
of this is that our method implicitly considers that the unknown component
has a more spread out distribution, due to the symmetry assumption, than the
one obtained by the previous authors. This remark also implies that there is
a stronger overlap between the first and the second component which explains

imsart-ejs ver. 2014/10/16 file: HHP_paper.tex date: October 2, 2019



Werner et al./Conditional semiparametric miztures 16

Fig 5: The transformed NimbleGen dataset along with the linear regression
functions obtained by Martin-Magniette et al. Martin-Magniette et al. (2008)
(blue dashed line), Bordes et al. Bordes et al. (2013) (blue solid line) and the
nonlinear regression function fitted by our method (red solid line).

that the clearly visible less dense area lying over the interval [9,13] is the result
of an overlap of a dominant second component (the upper part of the scatter
plot keeps being constantly dense) and a weak first component as it is validated
by the pattern of the proportion parameter estimates displayed in Figure 7 (c).
Further we can observe in Figure 5 that the first component shrinks slightly over
the interval [10, 13] which is also detected by our method as it is demonstrated
on Figure 7 (b).

8. Local M-estimators and U-processes
8.1. General estimation theory for local M-estimators

In this section we develop rates of convergence and adpative estimation for
general local M-estimators. The proofs of the results in this section are given in
Section 11.

Let I'(a), a € [a,b] be sets which index statistical models (P,),er(a) on some
measurable space. Let I C R? be a compact rectangle, and let © C R™.
Suppose that the deterministic contrast function M(-,;v) : © x I — R is
uniquely minimized in its first argument by 6, (z;7), i.e.

0. (x;y) = argmin M (0, ;) . (8.1)
0cO
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Fig 6: The graph associated to the NimbleGen dataset of the mapping (z,y) —
1/6n(2) f(y/6n(x)) over a (x,y)-grid.

The function M (6, ;) is assumed to be a limiting version of a sequence of ran-
dom contrast functions M, (6, x; «) under P,. In our specific model, the param-
eter a corresponds to the Holder-degree of smoothness in the previous sectiolns,
where M, (0, x; @) = M, (0, 2; hyp()) is given in (4.6) with h,(a) = (b%)m,
and M (0, z;v) in (4.5).

We suppose that M, (-, z; «) are minimized by some én(x, a), ie.

0, (x; ) € argmin M, (0, z; @) . (8.2)
0co

Consider the gradients of the contrast functions
Sn(aaa) = 89Mn(,,oz) ) S(av,y) = 89M(71’Y) ) VEF(O‘) 5

where 9y = (0,,...,0, )". We formulate a result on rates of convergence in
sup-norm when the nuisance parameter « is known a priori, and subsequently
formulate a Lepski-type method to obtain estimates which are adaptive with
respect to a. We work with the following high-level assumptions.

Assumption 4. Assume that © is compact and convex with © = int(©). For
convenience to avoid boundary issues, assume that the contrast functions are
defined on an open and convex set = D ©. Given 0 < a < b < 0o and « € [a, ]
let (T'(), ||-|la) be subsets of normed spaces. Further let r(a) = r(o; n) be given
rates of convergence, which tend to oo in n for given «, and increase in « for
given n.
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(a) Plot of 10 location function estimation attempts (grey solid lines) along with their

average function (red solid line).

(b) Plot of 10 scaling function estimation attempts (grey solid lines) along with their

average function (red solid line).

(c) Plot of 10 proportion function estimation attempts (grey solid lines) along with

their average function (red solid line).

Fig 7: Plots of 10 estimation attempts based on samples of size n = 10, 000 from
the transformed NimbleGen dataset along with their average function.
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(A1) Let (I'(c), || - ||o) be compactly nested spaces, i.e. I'(a) C T'(e’) and T'(«)

is compact with respect to || - ||, whenever o/ < «. Furthermore, I'(«)
is closed with respect to || - ||. Additionally, for any «, o, 7 «, it holds
that

() T(am) =T(e) .

neN

(A2) The map (6, x;7v) — M(0,z;v) is continuous. Further for every z € I,
a € [a,b], v € I'(c), the contrast M (-, z;7) attains a unique minimum at
0.(x;7), and the map (z;7) — 6.(x;~) is continuous.

(A3) Forallz € I, a € [a,b], v € T'(a), the function M(-,x;~y) is twice contin-
uously differentiable in its first argument and the Hessian matrix

Ve (0u(237);7) := 09 0y M (0.(57),237)

is positive definite. In particular the eigenvalues )‘ﬂlm;a > 2 A, of

the matrices V,, (0*(33; v); ’y) are positive. Furthermore, the map

(z;7) = Va(0u(z57)57)

is continuous.
(A4) The Hessian matrices V,(-;) are uniformly Lipschitz continuous in 6,
i.e. for all 0,6’ € =, we have

sup sup sup |[Va(6;7) = Va(0':7)|| < Luess|l0 — €],
a€la,b] yel(a) z€l

where the Lipschitz constant Liess < oo depends only on =, I, a, b and
I'(a).

(A5) The empirical contrast is continuously differentiable in its first argument
and for the gradients

Su (0, 75a) == g My (0,2;0) ,  S(0,257) := 9 M(0, x;7) (8.3)

it holds that for some C** < oo,

limsup sup sup T(a)_2E7|: sup HSn(Q,x;a)—S(G,x;’y)HQ] < C**.
n—00  a€la,b] yel' () zel,0cO

(A6) The empirical contrast M, is uniformly consistent for M, i.e. for ¢ > 0 it
holds that

lim sup sup Pv( sup ’Mn(ﬁ,x;a) - M(H,a:;’y)’ > 5) =0.
n= qela,b] vl (o) z€l,0€0

Theorem 8.1 (General rate of convergence: twice differentiable contrast). Un-
der Assumption 4, (A1) - (AG), for any o € [a,b], every sequence 0, (x; ) of
minimizers in (8.2) satisfies

lim limsup sup P, (r(a)*l sup ||9n(:z:;a) — 0. (z;7)]| > 5) =0.

=00 n—oo veT () zel
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The result shows that under the conditions of the theorem, the local M-estimator
én(x; «) inherits its rate of convergence from that of the gradients as stated in
(A5). In our setting, this rate will be the sup-norm rate in d dimensions over
a-Holder classes, that is 7(a) = (log n/n)ﬁ

Let us turn to adaptive estimation with respect to a. Our approach will be to
use the Lepski method for the gradients S, in (8.3) and hence to obtain a data

driven nuisance parameter &, € [a,b] so that

pre=i
limsup sup sup (l i ) Ev[ sup ||Sn(9,x;dn) — S(G,x;'y)H < o0,
n—00 «a€la,b] yel' () ogmn z€I,0€0

and then to use the estimator ,,(2; &y,). As in Section 6 we let ay = a + k (b —
a)/N,k=0,...,N = [logn| and r; = r(ay). For the choice

~

kn = k = max {O <k<N]| sup HSn(&x;ak) — Sn(H,x;al)H < Crepr
z€el,0€O

voglgk}, (8.4)

where the Lepski constant Che, < oo has to be chosen large enough, we let
an = aj, and

/H\?Ld(x) = én(x;&n) = argmin M, (6, z; &,) . (8.5)

0€O

The following high-level assumption allows to bound the probability of stopping
early in the selection rule (8.4).

(A7) There is a constant C_ > 0 and a monotone function u : [C_,00) —

(1,00) with u(t) — oo, t — oo so that for every Crep > C_,

limsup sup sup sup n“(CLeP)pU <00,
n—oo agla,b] v (a) 0<I<j<kn (a)

where

Cron—3C""
DIy :2]P’,Y< sup ||Sn(0,x;aj) —EW[SH(H,;L";Q]-)}H > —fep—— 23 rl) ,
zel,0cO

C** is specified in (A5) and 0 < k,(a) < N — 1 is chosen so that
A, (a) S @< Qg (a)41

Theorem 8.2 (General rate of convergence: Adaptivity). Under Assumption
4, (A1) - (AG6) and (A7) for sufficiently large choice of Clrep, the estimator
024(.) defined in (8.5) satisfies

lim limsup sup sup P, (r(a)*l sup ||§zd(a:) — 0*(33;7)” > n) =0.
N—=® n—oo agla,b] vel(a) el
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8.2. Uniform bounds for U-processes

In this section we provide tools which allow us to deal with the stochastic
components in the high-level assumptions (A5), (A6) and (A7) in case the
contrast function is a local U-statistic such as

M, (0,2;h) := > (VY O)Kn(X; — 2)Kn(Xp —z) . (8.6)

n(n =1 Fen

Here 7 is a smooth function that is symmetric in its first two arguments, K is
a kernel function and h > 0 is a bandwidth parameter. Proofs for the results in
this section are given in Section 12. The first result will be used to take care of
(A6) as well as of (A5) when applied to the coordinates of the gradient w.r.t. 6.

Theorem 8.3 (Uniform stochastic error for U-statistics). Consider the local
U-statistics My, (0, x;h) as in (8.6), where the sequence (Zn)n = ((Yn, X0 ) ")
of i.i.d. random vectors have Lebesque densities

n

(W, 2) = fH(ylo)ly (), (y,z) eRxT, yel'.

The support I C RY of £, is supposed to be a compact cuboid, and sup,er [+ loo <
oo. Further, K : R — R is a Lipschitz continuous and bounded L?-kernel; for
some non-empty set A, (hn(@))nen, @ € A is sequences of bandwidth parameters
so that |
ogn
sup hp(a) =0 sup ———— — 0

acA n( ) ’ acA nhn(a)d 7
and 7 : R xR X O — [0,00) is a bounded function and © C R™ is a compact
and conver set with © = int(0). The function T is symmetric in its first two
arguments and satisfies

Sup |T(Z7y,’l9) - T(Z?yve)‘ < LT”’& - HH ;
zY

for some constant L, < oo. Then we have for any p € [1,00) and any compact
set J C int(I) that

e
logn 2
limsupsup sup (| ———— E, | supsup | My, (0, x; hn(c
n—oco ~vEl a€A nhy (a)? 7 ze]BG@’ ( ( ))

-E, [Mn(e,m;hn(a))] ’p < C,
where C' < oo depends on ||T||oo, Lr, | K|loos Lk, p, I, ©, but is free from n

and the sequences of bandwidth parameters.

Remark 2. If 7 (and hence M,,) take values in R (e.g. the gradient of a U-
statistic) it will be enough to check that every coordinate function fulfills the
assumptions of Theorem 8.3.

The next result, which takes care of (A7), is directly formulated for the gradient.
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Lemma 8.4. Let M, be a U-statistic as in (8.6) that is differentiable in 6. Let
the assumptions of Theorem 8.3 hold for the coordinates of the gradient
S, (6, x; h) _r > 007(Y, Y, 0)Kn(X; — 2) Kn(Xy — )
x: — T . . — — ).
n\Y, L, n(n — 1) ' (7 Jr Lk h i h k
1<j#k<n

Then for positive constants ¢é1,¢o > 0, there is an increasing linear function u
(depending on &1, ¢2) such that for sufficiently large values of ClLep we have that

limsup sup sup sup n“(CLef’)ﬁlj < oo, where
n—00  a€la,b] vl () 0<I<j<kn ()

Dy = ]P’( sup ||Sn(0,z;h;) — E, [Sn(ﬁ,ac; hj)] | > (élCLep — 62)77) .
z€J,0€0
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9. Proofs for Sections 3 and 4

The following simple lemma states that from p = p, it follows that ¥ = 9,

under the assumptions of Theorem 3.1.
Lemma 9.1. Let 9; = (pi, 04, i, fi) |, i = 1,2 be two parameter vectors for the

model. If p; € (0,1), p1 = p2 # 0, and fmix(y;91) = fmix(y;92) for almost all
y € R, then (p1,01, 11) = (p2, 02, p2) and f1 = fa almost surely.
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As mentioned above we assume that [ y? f(y)dy = 1.

Proof. Denote by ; the second order moment of f;, i = 1, 2. Using the symmetry
of f, f1 and fy leads to the moment equations

P11 = P2ji2 (9.1)
(1=p1)ot +pi1(& +pi) = (1 —p2)os + pa(&a + p3) (9.2)
p1(3& 1 + 1) = p2(3&apn + 113) - (9.3)

Under the assumptions in Lemma 9.1, (9.1)-(9.3) imply that

Dif1 = p2i , (9.4)
(1 —p1)oi+pi(& +pi) = (1 —p2)os +pa(&a + 443)
p1(3&p + 1) = pa(3&apr + 1) . (9.6)

As py # 0, (9.4) gives p1 = ps. Then, (9.6) and pipu; # 0 lead to & = &,
yielding o1 = o2 by (9.5) as p; # 1. Finally, through

(L =p)f((y + p)/o1)

Fi) = 2 fuiely + s 01) —
D1

01P1
Sl + ) - CL ) g
we obtain f; = fo almost surely, thus ¥, = 9J,. O
Proof of Theorem 3.1. Assume that
Fmix(¥; %) = fmix(y;9)  for almost all y € R (9.7

for some ¥ = (p, o, 11, f) . Taking the Fourier transform in (9.7), using that the
Fourier transforms of f, f., f are real-valued and considering real and imaginary

part separately gives for all ¢ € R that
(1= p)eg(out) — (1 = p)p(ot) + ps cos(pt)py, (t) = peos(ut)ps(t) , ©8)
pssin(pst) oy, (t) = psin(ut)ps(t) -

Multiplying these equations by sin(ut) and cos(ut), respectively, and using the
trigonometric identities yields

(1 =pa)pj(o.t) = (1=p)pj(at)] sin(ut) = pepy. (t)sin (e —p)t) , % R).
9.9
Now, as the first moments of fiix(+;9) and fumix(+; ¥.) have to coincide, we have

which directly implies p, u # 0.

Proof under Assumption 1. According to (9.10), we conclude that ¢t = %

tx—pt
n

is a

zero of the left-hand side of (9.9), giving sin ( 7r) = 0as p., @y, > 0, so that
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k== € Z. The latter is true if and only if there is a k € Z so that . = ku. By
(9.10), we have kp, = p, particularly

1<k<pl<2
because p, > 1/2 and p € (0, 1]. Hence, k = 1 and we deduce pu = ., concluding
the proof by Lemma 9.1.

Proof under Assumption 2. Suppose that Condition (C1) holds. Assume ¢ to
be so large that ¢y, (¢) # 0 holds. Dividing (9.9) by ¢y, (¢t) and taking limits in
t gives

Jim p.sin (e — p)t) =0
according to Condition (C1). As p, > 0 and sin is periodic, it follows p. = p
and since p, # 0, we obtain ¥, = ¥ by Lemma 9.1.

Since for p, = p # 0 identification follows directly by Lemma 9.1, we assume
i+« 7 o and derive a contradiction to show identification under the other condi-
tions.

Now suppose that Condition (C2) holds. We need to consider three cases.

Case 1: 0 = o,. If we divide (9.9) by ¢f(0.t) and let ¢ — oo, the right-hand
side tends to 0 and hence

lim ((1—p.) — (1 —p))sin(ut) =0.

t—o0

As p # 0, this is only possible if p = p,, in which case (9.10) implies p = p4, a
contradiction.

Case 2: 0 < o, If we divide (9.9) by ¢ (ot) and let ¢ — oo, we obtain
tlgglo(l —p)sin(ut) =0.
It follows that p = 1 because p # 0, so that (9.9) reduces to

(1= po)pg(out)sin(ut) = pepy, (t)sin (e —p)t) , teR.

Dividing by ¢(0.t) and letting ¢ — oo gives lim; o0 (1 — px) sin(ut) = 0, thus
w=0or p, =1, a contradiction.

Case 3: 0 > o,. If we divide (9.9) by ¢ (0.t) and let t — oo, we get limy— o0 (1 —
px) sin(ut) = 0, a contradiction as above.
U

Proof of Proposition 4.1. Since ¢ > 0, by continuity it suffices to prove the
equivalence

By, [H(Y,t,0)] =0 VteR < 0=0,= (p.,0u,p) .
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By (4.2) we have that Ey, [H(Y,t,6,)] =0 for all t € R.
For the converse, suppose now that 6 € [0,1] x (0,00) x R is such that for all
teR,

Ey, [H(Y,t,0)] = Eqg, [sin (Y —p)t)] + (1 —p)@j(ot) sin(tp) =0 .

Since
Ey. [sin (Y — p)t)] = i‘s(/e“(y“)fmix(y;ﬂ*) dy> = (P in(cpon) (@)
and
$ (soif(.ﬂ)(t)) = S(/e”("y‘“)f(y) dy) = ¢j(at)sin(—tp)
we conclude that for all ¢ € R,
Eo. [H(Y,t,0)] = (*Ofmix b1 {55) (t)) _o.

Hence, the function

g

3 010.) = foiele g0 = L ()

is symmetric about zero. Taking the Fourier transforms on both sides of

1 —pf( ' ) F (= 11500.) = Funix (594)

o "\o
once again yields equation (9.8), i.e.
(1= P (0.8) = (1= Py (o) + e cos(ia.t)py. () = poos(ut)orafon (1)
s sin(pat) oy, (t) = psin(ut)pr(;o10.) () -
Multiplying the first equation by sin(ut) and the second one by cos(ut) once
again gives
(1= p.)j(out) — (1 —p)pj(at)] sin(ut) = pepy, (t) sin (e — p)t) .

As Assumption 1 is fulfilled we can repeat the proof of Theorem 3.1 starting
after (9.9). Note that we cannot use Theorem 3.1 to confirm the result because
7(+; 0]9) does not have to be a density. The same method works under Assump-
tion 2. Finally the contrast property for M is straightforward since q is a strictly
positive weight function over R. O
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10. Proofs of Theorems 5.1 and 6.1
10.1. Outline

In this section we provide the proofs of Theorems 5.1 and 6.1. The strategy is
to check the assumptions (A1) - (A6) as well as (A7) in Section 8.1 for our
particular model, and then to apply Theorems 8.1 and 8.2.

Assumption (A1) is satisfied for Holder classes if the diameter of the domain I
is < 1. The general case can be deduced by rescaling. Hélder spaces are indeed
compactly nested, see (Driver, 2003, Theorem 5.14).

The continuity in Assumption (A2) follows from the form (4.5) of the contrast
together with (10.7) for the conditional expectation, as well as the continuity
assumptions in our model. Uniqueness of the minimizer (in fact the zero) follows
from Proposition 4.1 applied to the conditional density of Y given X, as well as
the assumed positivity of ¢ in (4.4).

The remainder of the section is organized as follows. The main lemmas which
take care of (A3) - (A7) are stated in Section 10.2. Technical lemmas concerning
derivatives of the contrast in our model are presented in Section 10.3. The proofs
of the main Lemmas 10.1 and 10.2 are then given in Section 10.4.

10.2. Main Lemmas

We choose some open rectangle = with closure Z contained in (0,1) x (0, 00) x
R\{0} which contains the parameterset © in (5.2), © C E.

To prove (A3) and (A4), let V,(0;v) denote the Hessian matrix of M (-, z;7)
in (4.5) evaluated at 6.

Lemma 10.1. Let 0 < a < b < oo. Under Assumptions (M2), (M3), (K3),
Conditions (A3) and (A4) hold for any compact rectangle J C int(I). That is:

(i) For all x € J, a € [a,b], v € T'(a), the matriz V,(0.(x);7) is positive
definite.

(ii) The Hessian matrices V,, are uniformly Lipschitz continuous in 0, i.e. for
all 0,0 € Z, we have

sup  sup sup||Vy(6;7) = Va(0"s9)[ < Cll0 = 0’1,
a€la,b] yel'(a) z€J

where C depends only on E, I and q.

The following lemma then takes care of (A5), (A6) and (AT). In its state-
ment, for the uniform rate for (A5) we discuss separately the bias and variance
components for the gradients S, (9, x; h) in (6.1).

Lemma 10.2. Let 0 < a < b < 0o0. Under Assumptions (M2), (M3), (K3),
for some kernel K fulfilling Assumptions (K1) and (K2) and sequences of
bandwidth parameters hy(a), o € [a,b] so that

1
sup hn(a) — 0, sup ogn 70,

a€la,b] a€la,b] nh’ﬂ(a)
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Conditions (A5), (A6) and (AT) hold for any compact cuboid J C int(I). To
be specific on (A5), we have for any compact retangle J C int(I)

limsup sup sup sup hx( HE[ (t9,ac;hn(04)ﬂ—S(&:c;’y)HSC*7
n—oo a€la,b] yel'(a) z€J,0€0

(10.1)
. logn -
1 —_ E Sn (6,25 hny, 10.2
e s, e (i) =L I e

— By [Sn (6,25 hn(@)]||*| < Csrocn -

The constant Cy > 0 depends only on a, b, the function classes T'(a), O, I, q
and K; the constant Cstrocu > 0 depends only on || K ||, Lx, U, I, © but is

free from a and b.

1
Particularly, when hy,(a) = (IOE") ¥4 there is a constant C' > 0 so that

2a
1 T 2a+d
limsup sup sup (ogn> Ev[ sup ||Sn(9,x;hn(oz))
n—o00  «a€la,b] vET () n z€J,0€0

-] <
The proofs of Lemmas 10.1 and 10.2 are given in Section 10.4.

10.3. Derivatives associated with the contrast function

The following lemma lists the derivatives of the function H(y,t,6) in (4.3), as
well as some useful bounds.

Lemma 10.3. The derivatives of the function H(y,t,0) in (4.3) are given by

aPH(ya 2 0) - Qof_(at) Sin(/u‘t) )
9, H(y,t,0) = t(1 — p)Ops(at)sin(ut) ,
OuH (y,t,0) = —tcos ((y — p)t) +t(1 — pr(at)cos(put) .

and

[

Under Assumption (M3),~the£e is a constant C' > 0 depending only on
f so that for allt € R, 0,0 € = we have

(Z) SUPy teRr SUPyc=E ‘H(y) L 9)‘ <C,
(i) Sup,cg SUPyc= |00H (y,t,0)|| < C(1+[t]),
(i1) SUpyecR SUDycz 100 04 H(y,t,0)|| < C(1+1¢),
(i0) supycn |H(y1,0) — H(y,t.8)| < C(1+]t]) |68,
(v) supyep ||O6H (y,1.0) — Qo H(y,t,0)|| < C(L+ )0 — 0l ,
(vi) sup,cg 100 0 H(y,t,0) — 99 0y H(y,t,0)|| < C(1+[t|*)]|6 — 6.
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Proof of Lemma 10.3. The derivatives of H(y,t,0) are obtained by straight-
forward calculation. Properties (i)-(iii) are immediate from the fact that the
functions sin, cos, ¢, dp5 and 9% 7 are bounded. For (iv)-(vi), we additionally
use the Lipschitz continuity of sin, cos, ¢, dp5 and 0 7- In particular, the
Lipschitz continuity of ¢ — exp(it) with Lipschitz constant 1 yields

|05 (at) — 00 (o"t)] < / | explioty) — exp(io’ty)] - [i*y* F(y)|dy
<Jtl o — o / W () dy, k=0,1,2. (103)

O

Let us now turn to the derivatives of the asymptotic contrast M (6, x; ) in (4.5)
and its Hessian V,,(6;).

Lemma 10.4. We have under our assumptions that
0o M (6, 2 7) :2/1@W [H(Y, ‘, a)’x _ 1:} E, [89H(Y,t, e)’x _ 1’} g(t)dt - 2(z)
Vi (0;7) :2/ (]EV [agH(Y,t, e)‘x - x} g, [(%H(Y, ¢, 9)‘){ - x] (10.4)
+E, [H(Y, t, 9)’X = m} -E, [ang(Y,t, 9)‘X = xDq(t) dt - *(z) ,

where
E, [8PH(Y77§7 0)|X = 2| = — ¢ (ot)sin(ut) , (10.5)
E, [&,H(Y, £,0)|X = 2| = t(1 — p)ap;(ot) sin(ut)

E, {auH(Y, £,0)|x = x — ¢ cos(ut) ((1 —p)pslot) — (1- p*(;r))tpf(U*(a:)t))

— e @)t (1) cos (e () — ) | (10.6)
E., [BEQH(Y,t,G) X=z|=0,
E, -8p(90H(Y, t,0)|X = a:- = —tdypg(ot)sin(ut) ,
E, _8P8MH(Y7 t,0)|X = a:_ = —tps(ot) cos(ut) ,

E, [aizH(Y, £,0)|X = 2| = £2(1 — p)dPp (ot sin(ut) ,

E, [0,0,H(Y,1,0)|X = z| = (1 - p)dg(t) cos(ut)

E, [aizH(K t,0)|X = as = —t°E, {sin ((Y — u)t) ‘X = x] —*(1— p)p(ot)sin(ut) .
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Proof of Lemma 10.4. We have that
E, {sin ((Y — ,u)t) )X = x}
= [ (e ity = w)) (SRS ) o) - ) )
=(1 = pu(a)) sin(—put)p 7 (ou(2)t) + pu(@) sin (e (z) — p)t)@p: (t) -

Therefore, from the definition of H(y,t,0) in (4.3) we deduce that

B, [H(Y,1,0)[X = 2] = sin(ut) (1 = p)os(ot) = (1 = pul@)) o 5(0 (@)1))

(@) sin (1. (@) — 1)) 53 0). (10.7)
Taking derivatives under the integral gives (10.4). The derivatives (10.5) - (10.6)
are obtained by straightforward computation. O

10.4. Proofs of Lemmas 10.1 and 10.2
Proof of Lemma 10.1. (i) Let us start by showing that for each given x € J, the
Hessian matrix V(6. (z);) is positive definite.
Because E,[H(Y,t,0.(x))| X = 2] =0 for ¢, (10.4) reduces to
Vo (64 (2);7)
-
:2/]E7 [agH(Y, 1,0.(z)) ‘X - x] E, [agH(Y,t, 0,(x)) ’X - z]q(t) dt - %(z) .

When inserting the true parameter 6, (x), the derivatives (10.5) - (10.6) reduce

=
)
;UQ'J
—
=
o+
>
*
—
8
=
B
I
8
| S
Il
|
S
|
—
q
*
&
N
=,
B
—
=
*

8
N—
X
SN—"

[0 (YV,1,0.(2) |X = 2] = ~tpu(@)or: ()

Since M (-, z; ) attains a minimum at 6, (x), the Hessian matrix V,,(0.(x);7) is
positive semidefinite. So assume there is a v = (v1, v2,v3) € R3 so that

0=v"Vo(0.(2);7)v = 2/ (EA, [(%H(Y, t,0.(x)) ‘X = .Z‘} v) 2q(t) dat- 2(z) .

Since ¢,¢ > 0 and the function ¢t — E, [BQH(Y, t, 9*(56‘))‘)( = x} is continuous,
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we conclude
0=uE, [a,,H(Y, t,0.(z)) ‘X = x} + v, [&,H(Y, t,0.(z)) ’X = x]
+ vz, [OMH(Y, t,0.(x)) ‘X = x}
= - vltpf(a* (a:)t) sin (/J* (x)t)

—+ vzt(l — p*(m))&pf(a*(m)t) sin (,u* (x)t) — vatps(z) s (t) (10.8)
=:g(t)

for all ¢t € R. It remains to show that v = 0.

First note that the first and second summand in (10.8) are zero for ¢ € #*’EI)Z.

Hence, we have v3 = 0 as ¢y, p.(x) > 0. Since g is zero on R, so is its first

derivative, which exists as f and f; have finite third moments. Now let us
differentiate g at ¢ = 0. The derivative is determined by

0 = o5 (o (@)t) sin (i (@)t) )| == e (@)5(0) c0s(0) = ~pa. (@)

t=0

O (t(l — p*(ﬁﬂ))aﬂpf(a'*(l‘)t) sin (M* (x)t)) t=0 =%
8t( — tpx (l‘)(pf; (t)) o = — p*(x) ,
giving
o=

because p.(x),ps(z) # 0. Minding vs = 0, we derive v; = 0. And since the
function

tt(1— p*(x))agof(a*(x)t) sin (1 (2)t)
is non-zero in a neighbourhood around 0 excluding 0, we get v = 0 by (10.8),
so that the matrix V(0. (x);~) is indeed positive definite.

(ii) This is immediate from (10.4), the Lipschitz continuity of the derivatives in
Lemma 10.4, and the fact that ¢ has finite moments of order up to 3.
O

Before turning to the proof of Lemma 10.2 we show two lemmas which are
required to deal with the bias in (10.1). The first lemma gives a well-known
bound on the bias when using higher-order kernels for functions from Holder
classes.

Lemma 10.5. Let 0 < a < b < 00, K : R* — R be a kernel of order b with
support [-1,1]%; I C R?, U C R be compact with I = int(I) as well as L > 0.
Then, for any compact cuboid J C int(I), there is some constant 0 < Cho < 00
depending only on [a,b], L, U and K so that

sup sup h™% sup sup
a€la,b] he(0,00) LeH (o, L,U) z€J

/ (6(z) — €(z + hz)) K(2) dz| < Chol -
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Proof. Fix any £ € H(o,L,U), x € J, a € [a,b] and h € (0,00). Using the
Taylor expansion of order |« of ¢ around z and using that K is a kernel of
order b, we get for some 7 € [0,1] and independently of £, 2, o, n and h that

‘ /K(z) (6(hz +z) — {(z)) dz

[kl
< Z hk. ok e(x /K )2F dz
IKle{l,. o) —1} l
=0
L]
v L /'fK 0K iz + Thz) dz
|k|=le]
L]
s h /kK ) (9 6(a + 7hz) — 9e(a)) dz
|k|=la]
Lh*t®
< > I el
|k|=Le]

Ldlelro—lolpe
—H/nzu K (2)) dz

th
<= [l as
< Crolh®

because according to the multinomial theorem, we have

> L—i(w +1)™
kil kgl m! N——r

d times

O

Lemma 10.6. If the kernel K fulfills Assumptions (K1) and (I~{2), then under

Assumptions (M2), (M3), for any compact rectangle J C int(I) there exists a
C > 0 such that

—x
sup h sup
* zeJ,0€O

E,[H(Y,t,0)|X =] — (EW [H(Y,t,0)|X =] « Kh)(x)’ <CO(1+1t),

Ey[00H(Y,t,0)|X =]

—Q
sup h sup
* € J,0€0

- (IEA, [BeH (Y, t,0)|X =] Kh)(:v)’ <c(1+t?),

where the suprema are taken over a € [a,b], v € I'(«), h € (0,00).
Proof of Lemma 10.6. Consider the first statement. For a € [a,b], v € ['(«),
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h € (0,00) and x € J we estimate

E, [H(Y,t,0)|X =z] - (IEW [H(Y,t,0)|X =] Kh) ()

= /(IEV[H(Y,t,&)|X:x} — B, [H(Y,1,0)|X =z + 2] ) Kn(2) dz

= / (Eq, [sin ((Y — p)t) |X = x] -E, [sin ((Y — ,u)t) |X =z+ x])Kh(z) dz
(by (10.7))

= / (sin(fpt)(l - p*(x))gof(a* (:c)t) - sin(fut)(l —pu(z+ x))npf(a*(z + x)t)

sin (1 2) = ). (@)prz () = sin (e (= 4+ ) = WPz + sz, () Ki2) dz
<C(1+t) ’ /((p*(a:) —pu(z + )

+ (a* () —ou(z+ a:)) + (,u* (z) — ps(z + x)))Kh(z) dz (10.9)

+é‘ / (0r: (0 = 912, 0) Kn()d| (10.10)

where the inequality follows from the boundednes of characteristic functions
by 1, by boundedness and Lipschitz continuity of sin, cos, by compactness of =
and by (10.3) for k = 0.

The term (10.9) is treated directly by Lemma 10.5, which gives a standard bias
estimate for Holder functions using higher-order kernels. The term (10.10) is
handled by the fact that x — fX(y) is Holder-a-smooth with Holder constant
L(y) that is integrable in y so that Holder-a-smoothness extends to the family
of characteristic functions (¢sx)zer. Note that the A-th partial derivatives of
f*(y) are bounded by L(y), |k| < |«] so that Lemma 10.5 is applicable again.
The second estimate follows by similar calculations. O

Proof of Lemma 10.2. First let us prove (10.2). We shall show that the assump-
tions of Theorem 8.3 are fulfilled. The gradient of the empirical contrast M, is
given by

Sulbwih) = ——— 3 / H(Y;,t,0)0 H(Ye, 1, 0)(t) dt

nln=1) | Fe
Kh(Xj - x)Kh(Xk - .Z‘) .

According to Lemma 10.3 (i), (ii), (iv) and (v), each of the coordinates of the
function

0 /H(Yj,t,H)agH(Yk,t,H)q(t) dt

fulfils all of the assumptions postulated on the function 7 in Theorem 8.3, from
which we obtain (10.2).
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Second, let us prove (10.1). We will show that for all 8, z, «, =, h, we have
s [50(0,2: )] — 50,2

<2 /H [H(Y,t,0)| X = ]¢) *Kh)(x)- ((IE7 [OpH (Y, t,0)| X = -]e) *Kh>(a:)

— (2)By [H(Y,t,0)|X =] - E,[0pH(Y,t,0)| X = x]||q(t)dt (10.11)

< he.
Let us make a zero addition of the term
((2)E [H(Y,t,0)| X = 2] - ((IE7 [00H (Y, t,0)| X = -]z) * Kh) ()

within the norm in (10.11). Since ¢ is bounded by sup U, and the functions H
and OpH (-, t,-)/(1+]t|) are uniformly bounded according to Lemma 10.3 (i) and
(ii), it is enough to examine occurring differences. We estimate

’((E7 [H(Y,1,0)[ X =]0) K, ) () — (w)By [H(Y, 1,0)| X = ] (10.12)

< ’((EW [H(Y,,0)|X = ]0) + Kh)(m) - E(m)((E7 [H(Y,1,0)|X =]) * Kh>(:v)

+ e(:c)((za7 [H(Y,1,0)|X =]) « Kh>(x) — U(a)By [H(Y,1,0)| X = 2]

)

where the first summand is treated by Lemma 10.3 (i) and the fact that ¢ is
Holder-a-smooth, so that by Lemma 10.5,

|(€# Kp)(x) — £(z)| S B
The second summand is dealt with by Lemma 10.6 so that
(10.12) S h*(1+ |t]) .

Analogously, we derive that

H JOHY40)|X = 10) + Ky ) (@) = K, [00H (Y, 1,0)[X = a]

H [P H (Y 1,0)| X =] )*Kh)(ac) —e(:c)((ﬂa7 [ H (Y, t,0)|X = ]) *Kh)(x)

Sh(1+t7).

+ |[0(x )(( L [OeH (Y, ,0)| X =]) *Kh)(x)_g(x)Ev[%H(m,e)‘X:x]

Since ¢ has finite third moments, (10.1) follows. Together, (10.1) and (10.2)
imply (A5). Lemma 8.4 directly gives (A7). Finally, (A6) is obtained similarly

but simpler than (A5). This concludes the proof of the lemma.
O
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11. Proofs for Section 8.1

This section provides the proofs for Theorems 8.1 and 8.2. It is organized
as follows. In Section 11.1, in Theorems 11.1 and 11.2 we extend results in
van der Vaart and Wellner (1996) for consistency and rates of convergence of
M-estimators, specifically (van der Vaart and Wellner, 1996, Theorem 3.2.3)
and (van der Vaart and Wellner, 1996, Corollary 3.2.5) by making them uni-
form over the probability model as well as introducing a covariate parameter .
The proof of Theorem 8.1 in Section 11.2 then requires to check the assumptions
of Theorem 11.2. For the adaptive result, Theorem 8.2, we show in Lemma 11.3
that the Lepski-choice adaptively estimates the gradient of the contrast. Then
Theorem 11.2 can again be used to obtain the adaptive rate of convergence for
624(.). Finally, the proofs of Theorems 11.1 and 11.2 are provided in Section
11.3.

11.1. Consistency and rates of uniform convergence for
M-estimators

We start with the following general results on consistency and uniform rates of
convergence, the proofs of which are provided in Section 11.3. We fix a parameter
value «, and drop it in the notation, and also write I' = I'(«). For brevity, we
shall also often write 6. = 0,.(x,~) for the minimizer in (8.1).

Theorem 11.1 (Uniform consistency). Let © be a normed space with norm ||-||
and assume that

lim sup P, (supsup |Mn(9,x) — M(@,x;’y)’ > 77) =0, n>0
N—=00 v 0eO z€l

as well as that
(x) for all e > 0 there is an n > 0 so that for every § € ©, x € I, v € T with
M0, 2z;7) — M0y, x;7v) < n we have |0 — 0, < e.

Then the estimator én() is uniformly consistent, i.e. for all € > 0, we have

lim Sup]P’A,<sup Hén(x) — Q*H > 5) =0.
zel

n—oo ~er

The following theorem is a generalization of (van der Vaart and Wellner, 1996,
Theorem 3.2.5) that gives conditions for uniform convergence rates uniformly
over the model parameters v for possibly unidentifiable models.

Theorem 11.2 (Rate of convergence: General result in sup-norm). Let the
following assumptions be satisfied.

(i) There is an 1> 0 and constants C1,Cs > 0 so that for every e <,

inf inf inf {M(G,x;v) - M(G*(x;'y),x;'y)] > Oy€?
yel xel *
tn
lim sup sup sup —~E,, [sup sup HWn(Q,x;*y) — Wn(e*ﬂc;v)H} < (s,
n—oo ~€l e<n ¢n(5) xel *
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where the third infimum is taken over {6 € © : ||0 — 0,| = €}, the fourth
supremum is taken over {6 € © : |6 — 0. < e} and 0. is the mini-
mizer of M(-,x;7). Furthermore, W, (0,x;7) := M,(0,2) — M(0,z;7),
&n 1 (0,00) = (0,00) are functions so that ¢, (-)/-“ is decreasing for some
a <2 andt,, — oo for every y €.

(i) For all 6 > 0, we have sup,cp P, (sup,e; Hén(m) —0.]| > 6) =o(1).

If sequences (ry, ) satisfy 7“721,7¢(1/Tn;7) < tnn foralln,v as well as inf, ry, , —
oo, then
)=o0.

lim limsupsupP (rn - bup HO — 0, | >

0—00 p—oo ~yerl

11.2. Proofs of Theorems 8.1 and 8.2

Proof of Theorem 8.1. We need to check the assumptions of Theorem 11.2 for

¢, =1id and tny =Tny =Tn -
We obviously have that t,, , — 00, t — ¢y (t)/t2 =12 is decreasing on (0, 00),
T%,VQSn(l/any) =Ty = tny

First, observe that there is a bounded open set © C = C E so that
dist(6,0Z) = £> 0.

Indeed, assume & = 0, then there is a sequence (6, )nen C © so that dist(6,,, 0E) —
0. As © is compact, there is a subsequence (6, )ren of (0n)nen so that 6, —
6 € ©. Since 0 dist (6, dE) is continuous, d Z is closed and dist(@nkﬁ:) — 0,
we deduce 6 8_, a contradiction. We can without loss of generality assume
that = is convex as the convex hull of = is bounded and a subset of =.

Fix some € < €. Then for any v € T', z € I,
{6e=:]0—0b.(z;7)| <e} CE.

Let us prove the first point of (i). For any v € T', « € I, a second-order Taylor
approximation around 6. (z;~y) yields for every 6 € Z with ||§ — 0. (x;7)|| = ¢
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the existence of a £, 9., € [0, 0.(x;7)] so that

inf inf  inf {M(@, z;y) — M (04, x; 7)}
yeT zel 10558

> inf inf  inf {M(@,x;fy) — M(Q*,m;'y)}
~eET z€l  oe=:
lo=6. ||=
— infinf  inf {M@,;—MO*;,;}
inf inf  in (0,2;7) = M (0<(x;7), 23 7)

6c=:
10—0x(z;7)lI=¢

1
infinf inf (6 —0.(x 1) Ve (0 (237):7) (6 — 0 (257))
10— (am) | =

—supsup  sup %(9 —0.(z57)) (Vx (0-(237);7) = Ve (bn0,7 v)) (60— 0.(z57))

Y

~yel' zel 0cE:
[0—0. (z57) =€
.ol o Liess 3
> inf inf —e”A}", — —>=¢",
~el zel ’ 2

according to (A3) and (A4), where A\’ is the smallest eigenvalue of
Ve (9* (x;w);v). Since eigenvalues of a matrix depend continuously on its en-
tries, the entries of the Hessian matrices V, (9*(:10; ); *y) depend continuously on
(z;7) by (A3), so that we can deduce

inf inf A" >0
~elxzel ry

by compactness of T x I, cf. (A1). Conclude by choosing n < & small enough.
Let us prove the second part of (i).

By applying the fundamental theorem of calculus on the path [6, 6,] using the
functions

gives for any n, v that
sup sup ‘Wn(e’xﬂ’) - Wn(e*(x;v),x;v)’

zel 6co:
16—0.(z:7)|I<e

16—6]|
< sup sup %Wn(ﬂ + m (0, — 0),:5;7) ds
zel feco: t=s
10—0. (z57)lI<e
<esup sup sup |0 6.-6 Wn(ﬂ,x;v)’
z€l oee: 9€[0,0,] 1 10=0x1

l0-0. el <e
|Sn(0,2) = S(0,257)]], ,

<& supsup
zel €O

where we bounded the directional derivatives by the gradient. Hence, the second
part of (i) is given directly by (A5).
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We will prove (ii), i.e. the uniform consistency of én(), by using Theorem 11.1.
As uniform consistency of the contrast M, is given by (A6), only () in the
assumptions of Theorem 11.1 needs to be proved.

Assume (%) does not hold. Then there is an € > 0 so that for any sequence
M, — 0, we find z,, € I, 0,, € ©, v, € I so that for every n € N

M (O, 205 ¥n) — M (0u(Zn3 V), Tni¥n) <My ||Bn — Ou(@nsym)|| = . (11.1)

As © x I x I'" is compact according to (A1), there is a subsequence
((an,xnk,’ynk))keN of ((6n, mn,fyn))neN converging to a point (¢',2',7') € © x
I x T'. By continuity of (0,z;v) — M (0, x;v) that is given by (A2),we have
MO, 2';v") = M(0.(x';v"),2';9"). Now, according to the right-hand side of
(11.1), we have

He/ - 9*(37/77/)” Z hkn—1>£f Hank - 9*(xnk77nk)H Z €,

a contradiction as § — M (0,z';~") is only minimized at 6. (z';~").

The main ingredient in the proof of Theorem 8.2 is the following lemma.

Lemma 11.3. Under the assumptions of Theorem 8.1 we have that

limsup sup sup r(a)*le sup HSn(H,m;o?n)—S(Q,x;'y)H
n—oo  «a€la,b] vET () zel,0eO

<(CLep + C™) exp(d(b — a)) .

Proof of Theorem 8.2. Using Lemma 11.3, the proof works analogously to the
one of Theorem 8.1. We shall apply Theorem 11.2 for M,,(-,-) := M,(+,; &),
Sn(,) = Sn(-,3600) and T = {(a,7) : a € [a,b],7 € I'(a) }, which is compact
with respect to max{|-|,|-|l¢}, cf. Lemma 11.4 below. Further set r,, , =t , =
r(a)™L, ¢, =id, n = &*.

In order to prove uniform consistency of the estimator 824(-), we first use (A6),
yielding

lim sup sup IP’A,( sup ’Mn(ﬁ,x;dn) - M(G,x;7)| > 5) =0, >0
n—=0 nela,b] vl (o) z€l,0€0

and then proceed analogously to the proof of Theorem 8.1

O
Lemma 11.4. Under Assumption (A1), the set T = {(a,w) ta € [a,b],y €
L(a)} is compact with respect to max{|- |, - [|la}-
Proof of Lemma 11.4. As [a,b] xT'(a) is compact with respect to max{|-|, |||},

it is enough to show that I' is a closed subset thereof. Let ((an,’yn)) cT

n
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converge to some (o, V«) € [a,b] x T'(a). If there is a subsequence (ny) so that
O, > oy for all k € N, then

Yni, € T(an,) CT(aw), forallkeN
and since I'(a) is closed with respect to || - ||, we have
o= i, = Ji €T

Hence, assume that there is an n, € N so that for all n > n,, we have a,, < .
Without loss of generality assume «,, " a,. Then, for any 7 € N and any n > 7,
we have

Yn € T(ay,) C T(ag) ,
so that particularly 7. € I'(a) for all 7 € N. Since [, oy '(an) = I'(cw), the
assertion follows. O

Proof of Lemma 11.3. Let for all a € [a,b], 0 < k, (o) < N —1 s0 that B, () <
@ < B, (a)+1- Then we have for any a € [a,b], v € T'(a)

B[ sup [S.(0.0:8,) - S(6.2:9)]]

zel,0€e0
<E. [ s (|58, 8) = 50,23 [Vich, 011 (11.2)
+]E7[ sup [|Sn (6, 7; 5;) *S(G,x;fy)H]lkan(a)] . (11.3)
zel,0€O

The term (11.3) can be handled by a zero-addition of the term Sy, (6, x; B, (a))
within the supremum, i.e.

E,y{ sup HSH(G,:L’;B,;)fS(Q,x;v)H]l,;an(a)}
zel,0ecO

B Lg}g@e@ 1908, 23 B () = SO, 237) | Vs |

S CLepThy (@) + C T (a)
= (CLep + C*)rkn(a) ’

where we used that I'(a) C T'(By, (a))-

Now let us show that the convergence rates 7y, () and r(a) are asymptotically
equivalent by deriving that for all n, «,

B «
1 < Thp(a) n 2aid_% - n d(a—PBk,, ()
= (@) \logn — \logn

< ndePru@) < plisn = exp(d(b—a)) < oo,
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where we used that the net over [a, b] grows logarithmically. We get the desired
bound on (11.3), i.e.

limsup sup sup r(a)_lEv[ sup HSn(G,x;B,;)—S’(@,x;’y)”]lbkn(a)}
n—oo  a€la,b] yel'(a) z€l,fEO =

<(Crep + C*) exp(d(b — a)) .

Next let us examine (11.2). By using Cauchy-Schwarz’ inequality, we get for all
a € [a,b], v € T'(a) that

Ey| sup [|Su(0,2:8;) = SO, || icr, w1

zecl,0cO
kn(a)—1
- jZ::O EWLESII,IQPEGHSH(QJ;@)_5(97%7)”1%:3}
kn(a)—1 21x L A 1
< 3 (& [( o, s0mi - soal) ]) e
211 & kn(a)—1 . )
< (B[( e 150,50 - S0 )7 30 BaE=it

By definition of k, we have

J
P, (k=j) < va( sup  ||9n (0, @; Bj11) — Sn(0, 2 8)|| > CLepT‘z>

—o z€l,0€O
<(j+1) max _Pv< sup |[Sn (0,25 Bj41) = Sn (0,75 B)| > CLeprl)
1=0,..., z€1,0€0
< log(n) max P, sup [[Su(6, 33 B501) = Su(0,7:8)| > Crepri) .
1=0,...,5 z€l,0€0

as the set of grid points grows logarithmically in n. Hence, we further deduce
by index shifting that

E, [I:’Iuepé@ ||Sn(9a z; ) — S(0, 55;7)H]11;§kn(a)_1}

< o (&]( s [56,0:8) - s@x])])

zel,0cO

sup P’Y( sup HSn(eaowj) _Sn(eaxyﬁl)H > C'Lep""l)
0<I<j<kn(x) z€l,0€0

N

In order to treat the last factor, we first observe that for [ < j we have r; < ry,
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yielding
limsup sup sup sup rl_l sup HIE [ (0, x; ﬁl)] [Sn(e,x;ﬁj)]u
n—00  a€la,b] yel'(a) 0<I<j<k, () z€l,0€0

< limsup sup sup rfl sup sup HIE [ 0, x; ﬁl)] (H,x;'y)H
n—oo  a€la,b] yel(a) 0<I<kp(a)z€l,0€O

+ limsup sup sup sup r;l sup HE[ 0:6,6])]— (G,x;'y)H
n—00  a€la,b] yel(a) 0<j <k, () z€l,0eO

<2limsup sup sup 1"(04)_1 sup HIE [ 0, x; a)] —5(979€§7)H
n—oo  a€la,b] yel'(a) zel,0e0

because I'(a) C T'(B;). Hence, there is an ng € N so that for all n > ny,
0<1l<j<ky(a), we have

sup sup r; ' sup ||IE [Sn(0,2;8)] — [Sn(&m;ﬁj)]H <3C**.
a€la,b] vl (a) zel,0eO

Subsequently, deduce that for any n > ng, o € [a,b], v € T'(a), 0 <1 < j <

kn(a), we have

Py sup [[Su(0,238)) = Su(0.2:8)]| > Crepm)
z€l,0€0

g]P’W< sup HS (0,;8;) — [Sn(H,x;ﬁj)])H

zel,0e0
+ sup HE [ (0, x; ﬁl)} — [Sn(e,x;,é’j)]H
zel,0eO
+ sup [|Sn(033 61) = B, [Sa (6,23 8)][| > Crepm)
zel,0e0O
<Py (_sup1500.0:05) ~ B, [S,(0,:5) |
zel,0eO
+ sup HS 0,z;8;) — [S’n(ﬂ,x;ﬁl)]n > (CLep —30**)7‘;)
z€1,0€0
<P (s [5O3 5) — By [Sa(6, 2 5] | > S5
+P,y(x€sju6pé@||5 0,z;6) — [SH(H,:U;BI)} H > %%er)
a CLep—3C**
<2 max P, (xesluepé 150 (8, 23 Bi) — Eq [Sn(0, 23 8)] || > =257 m) :
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In summary we obtain

limsup sup sup r(a) 'E,| sup ||Sn(9,m;dn)—5(0,ac;'y)’|
n—oo a€la,b] yEl(a) zcl,0€0

< (CLep + C™) exp(d(b — a))
+ C”"limsup sup sup
n—oo a€la,b] yel'(a)

up 16 (5[ sup[.60.05) - 500.29)] ) ])

N=

3 1
-log(n)2  sup  pj,

a<f<a vel,0€0 0<1<j<kn (a)
where
& ep C**
Dij :2IP’7( sup HSn(H,x;ﬁj) —EV[Sn(Q,x;ﬁj)]H > %m) )
z€el,0€0

It remains to show that

O:Iimsup{ sup sup sup r(a)_l(Ew[( sup HSn(G,x;ﬁ)—S(G,I;’y)‘b?})%

n—o00 a€la,b] vel(a) a<f<a z€l,0€EO
(11.4)
3 1
-log(n)2 sup  pSp - (11.5)
0<I<j<kn ()
The factor (11.4) is asymptotically dominated by the rate r(a)r(b)~! as can be

seen by inserting r(8)r(8)~! so that

1

(11.4) < r(@)r(B)~ sup  sup r(a)_l(EvK sup HSn(o,a:)—S(e,a:w)Hny,

a€la,b] yeT'(a) zel,0e0

where the supremum is asymptotically bounded by C** according to (A5). The
second factor (11.5) can be dealt with by

[

1
sup sup log(n)? sup pfj
a€la,b] veT (o) 0<1<j<kn (@)

glog(n)%7f“(cm’)/2 sup  sup sup n“(CL“P)/zpé
a€la,b] yel'(a) 0<I<j<kp(a)

and as u(Crep)/2 > ﬁ — arar We get

b a
2b+d ~ 2a+d
r{a)r(b) log(n) G2 — (2 tog(n) (€2 = o(1)

concluding the proof of (11.4). O
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11.3. Proofs of Theorems 11.1 and 11.2

Proof of Theorem 11.1. We have that

0 < sup [M(én(x),x;v) - M(G*(x;v)@;v)}

el
< sup [M(én(w)w;’y) — M, (én(x)vx)}
+ SléI; [Mn (é,L(z), a:) — M(G*(a:; v), x; 'y)}
< sup sup |M(97m;7) - Mn(gvm)‘
0cO xzel
+ sup [Mn (0 (z;7),x) — M(H*(ac;v),x;'y)} (0, () minim. of M,,)
xzel
<2supsup |M(0,x;v) — M,(0,2)] . (11.6)
0co xcl

Fix & > 0. Because of (x) there is an 7 > 0 so that for any v € T, the inequality

ilérl) {M(én(m‘),m,’y) — M(O*(x;v),x;'y)} <n

implies

sup Hén(x) —0.(z;7)|| <=,
xel

which implies

{i}g 105 (2) — 0.(257)]| > 6} C{ sup [M(én(x),z;v) - M(f)*(ﬂf;v),w;v)} > n}

{ supsup (M (0, 237) ~ My (6,2)] = n/2} ,
0cO xcl

where we used (11.6) in the second step. Thus, by uniform consistency of the
random functions M,,,

lim sup]P’,Y<sup ||én(x) — 0] > 6) =0.
zel

n—oo ’YGF

O

The proof of Theorem 11.2 is similar to (van der Vaart and Wellner, 1996,
Theorem 3.2.5).

Proof of Theorem 11.2. For every n € N, z € I, v € I, we define a partition of
O by UjeZ Sinay, Where

Sinar = {0 €027 <y 00, <27}
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Let us define for any N,n € N, v € T the sets

Anpy = {Tn,nY zlgl) Hén(a:) — 0. > 2N}

and show that limy_,  limsup,,_, ., sup,cr P (Anny) = 0. In order to do that,
we show for any 1 > 0 the inequality

Py (ANny) < Z IP&,(sup sup [Mn(ﬁ*,x) —Mn(&x)} > O)

e 2€1 0ES; par
20 <nr (11.7)

+P, <2sup ||én(x) — 0] > 77> .
zel

Therefore, let

w € ﬂ {sup sup  min {Mn(tﬁ)*,x) — Mn(ﬁ,x;*y)] < 0}
J>N xel GESjnm,Y 9*6630;7
20 <,y

N {2 sup ||§,L(x) — 0,|
zel

< 77} . (11.8)

Then, for all j > N with 2/ < nr,, and all = € I we have én(:c)(w) ¢ Sinzy
because 0, (x) minimizes M, (-,x). Hence, for all x € I, either

Py || (@) (w) — 6.

<2V or rpy |00 (2)(w) = 0. > 21, (11.9)

where [, = max{j > N : 27 < nrnﬁ} if such an [, exists. The latter case needs
to be disproved. Therefore, assume that for some = € I, J > N with 27 > Ny
we have

Tn,’yHén(x)(w) - 9* > 2J_1 .

Then,
2771 < rnA,HHAn(x)(w) — 9*|| <rpam/2<2/7h
according to the right-hand side of (11.8), a contradiction. Hence,

S 21\/’71 S 2N

T'n,y SUP Hén(x) (w) — 0.
xel

according to (11.9), giving w € Af,,, and via subadditivity we deduce (11.7).
The second summand on the right-hand side of (11.7) converges uniformly over
all v € T" to zero for all n > 0 according to assumption (ii), i.e.

lim sup P, (2 sup Hén(x) — 0] > n) =0. (11.10)
zel

n—oo ’YEF
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Hence, it remains to handle the first term in (11.7). Choose n > 0 so that
Assumption (i) of the theorem is fulfilled. Then, because every 6.(z;v) € &y
minimizes M (-, x;7), for any j > N so that 2/ < nry, ,, which is equivalent to
27 /1~ <nand any v € I', we have

sup sup  [M(6.,237) = M(0,237)]
€l 0€Sjnay

= sup sup sup [M(G*(xw)vw;’y) — M(0,; 7)]
Tl e (251 2 frn] *
= sup sup sup [M(f)* (z37), ;7)) — M(8, z; 7)}
ce (2071 /rn 2 frn ] P€T F
2i=1\ 2
S Cl sup —62 = —01< >
T~y

€€ (27'_1/7'”,7,21'/7'”,«,]

according to the first part of (i), where the suprema indexed with * are taken
over {# € © : ||0 — 6,| = e}. Now, (11.7), (11.10), the display above and
Markov’s inequality give

lim limsupsup Py (Anny)

N—oo pns00 ~el

= lim limsupsup P, (rn y bup HG x) — 0,

N—=oo pnyoo ~el

)

< lim limsupsup P, (sup sup [Mn (0x,2) — M, (H,x)} > 0)
i N

N—oo ns00 ~el €T 0€ESjnay

20 <y

= lim limsupsup Z Pv(sup sup [Wn(9*7$€;’y) — Wn(6,z;7)
j >N

N—oo nyoo ~erl z€I 0€Sjnan

2j§;77’n,'y
+ M(0.wi7) = M(6,3:7)] 2 0)

< lim limsupsup Z (sup sup  [Wn (0, m579) — Wi(6, z;7)|

N—=oo nyoo ~el TEI 0€ESjpany

27 S"]"‘n 0%
+sup sup [M(Q*,m;v) —M(Q,x;v)} > 0)
€l 0E€ES jnay
22] 2
< lim lim sup sup ]P’W<sup sup  [Wa(0x,z;7) — Wi(0,z;7v)| > C1—5— )
N—oo pnyoo ~vel 4 €I OES ppy Tnv
i=N
20 <nrn 5
2
< lim limsup supl o LE sup sup |[Win(0x, x;7y) — Wa(6,z;7)||.
T N—© poco _>N'y€l" Tn—y<77022] 2 €l 0€Sjnay o o

(11.11)

We will use the second point in Assumption (i) of the theorem in order to treat
the limsup,,_, ., term in (11.11) for fixed N € N by Fatou’s lemma for the
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counting measure on {N, N + 1,...}. To be precise, we need to show that the
summands in (11.11) are uniformly bounded in n > ng by a function in j > N

that is summable for some ng € N.

The second point in (i) gives

. t
limsupsup sup ——+—FE, [sup sup  |Wio(0u,z57) — Wi (0, z57)|| < Co.
n—oo y€Il' j>N ¢n(2]/7'n,'y) 2€l 0ESjnay
27 <T]

T,y T

In particular, for any x > 0, there is an ng € N so that for every v € ', n > ny,
Jj > N with 27 <nr, -, we have

C (20,
By sup sup W (6, i9) ~ W6, :7)] < (O HR0@ )
2€I €S jnay t

Yy

Hence, for every v € ', n > ng, j > N with 2/ < nr, ,, the summands in
(11.11) can be treated by

r2

—7 Wi (0, 2;377) — Wi (0, x;
0122]_2 Y :SEZII)SESSI;EE,Y | TL( 71‘77) TL( 7:1777)'
"na (Co 4 K)n(2/rns)
= Crozi tr '

(11.12)

Since the function ¢, (-)/-“ is decreasing, for any z > 1, y > 0, we have

Pn(zy) < én(y)
Zaya - ya

so that &, (zy) < 2%n(y) .

As 27 > 1, this implies

T (Co +K)2°0n(1/rns) _ 4(Cotr) (1Y
Cy2%-2¢,, , - Cy 22-a | 7

(11.12) <

which clearly is summable in j > N. Hence, we can apply Fatou’s lemma, so
that for some k independent of N, we have

(11.11)
2
< lim Zlimsupsup]l 2 . %Ey sup sup |Wy(0x,x;7y) — Wi(0, z;7)|
N—o0 4 n—oo €l Tn,y <1 Ch2 €I 0€S iy
j=N
4(Cz+li) 1 J
< I . =0.
7N£noo 4 22—«
j>N
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12. Proofs for Section 8.2

Proof of Theorem 8.3. We will drop dependence of the bandwidth parameters
on « and n for convenience but point out where it comes into play. Throughout
the proof we use the notation a,, < b, if there is a constant C' > 0 and an
no € N so that for all n > ng we have a,, < Cb,, and the constant depends only
on ||Tlleoy L7y | K ||lcos LK, p, J, ©, T or A. All calculations below hold for each
vyel.

We use the classical Hoeffding decomposition to write the centered U-statistic
M, (0,;h) — E,[M,(0,-;h)] as a canonical U-statistic and a linear process as
follows

1
M, (0,23 h) — B, [M,, (6, z; h)] =D > Un(Zj, Zk,0,2;h)

2 n
+> Zl (02,0, 1) = By [un (21, 22, 0,53 )]
p=

(12.1)
=1 T, (0,2;h) + T7(0,2: 1) |
where for z = (21,29 )T, w = (w1, wg )T €R x J,
Un(z,w,0,2;h) i=up(z,w,0,2;h) —ul(2,0,2;h) —u) (w, 0;x; h)
+E,Y[Un(Zl,ZQ,9,ZL’;h)] y
un(z,w,0,x;h) :=7(21,w1,0)Kp (20 — ) Kp(we — x)
ul(2,0,z;h) =By [un(Z1, 2,0, 2;h)] = By [7(21,Y1,0)Kp (X1 — 2)] - Kp(22 — @) .

Since s — s” is convex, we have that

1 1 P

<2 (IO, + T30, 3 h))7) . (12:2)

Let us deal with the term T! in (12.2). The linear process T2 in (12.2) is dealt
with similarly by using the classical Bernstein inequality. Now, for a sequence
6n — 0 specified below, there are nets ©,, x J, C © x J so that

sup inf ||z—y| < don , sup inf [|[9-0| < 4, , #(0,xJ,) < Co y6,4™
zeJYEIn 9€0 0€On
(12.3)
where Cg,; is independent of n. Then
sup |T, (0, ;h)|”
zeJ,0€O
-1 1 1 g 1 1 4
<2° sup T (0, x5 h) Tn(§7y§h)|) +27 ( sup |Tn(19:x7h)|>
xz,yeJ,9,0€© z€Jp,9€0,
lz=yll,19—0]<dn
(12.4)
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For the first term in (12.4) we have that

P
x,y€J,9,0€0
le—yll,|9=0l|<5n

P
_ 1
<3 IEKM > sup |un<Zj,Zk,0,m;h>w(zj,zk,ﬁ,y;h)lﬂ

X x,y€J,9,0€0
LSTARST 1o —y[,[|9-6]|<5p

(12.5)

n P
—_ 2 * *
+3° 1Ew[<n§ sup |un(Zj,6,x;h)—un(Zj,ﬂ,y;h)|> ] (12.6)

1 z,y€J,9,0€0
=5 =yl I19—6]<6n

P
R ( sup E, [un(Z17Z2707$;h) un(Z1,Z2,19,y;h)]D . (12.7)
x,y€J,9,0€0
lz—yll,[9—0l|<dn

Let us bound these terms. The summands in (12.5) are bounded by

sup 7(Y;, Yy, 0) - (Kh(Xj — ) K (X, — ) — Kp(X; — y)Kn(Xp, — y)) ’
z,y€J,0,0€0

s [T Y ) — (5, Y 0)] - KX — ) Kn(X — )]
z,y€J,9,0€0
lz—=yll,[[9—-0[<dn

of which the first factor in the first summand is bounded by ||7||o. The first
kernel terms are handled by the equality ab— c¢d = ab — ac+ ac — cd, || Kp||co =
| K||oc 72 and the fact that K is Lipschitz continuous, i.e.

1 4
sup  |Kn(X; —a) — Kn(X; —y)| < Lg— - — ,
z,y€J h h
lz—yll<on
yielding
o |7(Y), Yie, 9) - (BKn(X; — 2) Kn(Xi — ) = Kn(X; — ) Kn(Xy, — y))|

x,y€J,9,0€0
lz—yll,[19—0]<dn

]
< 2||T||ooLKHKHoohTTfH :
By using the Lipschitz continuity of 7 in its third argument, we derive for the

second summand that

sup ) {T(Y},Ykaﬂ) - T(YjaYk"g)} En(Xj = y)En(Xk —y)
z,y€J,9,0€0
lle—yll,[[—0]|<6n

2 On

< L6, sup |Kun(X;—y)EKn(Xp—y)| < LTHKHOOW :

x,yeJ
lz—yll<én
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Hence,

. On 6\ or
(12.5) < 3° 1(2|T||OOLK||KHOOh2d+1 +LT|K|Zohgd> N h(Til)p .

Using similar arguments, we observe that the summands in (12.6) are bounded
by

sup ‘ufl(Zj,ﬁ,x;h)—qu(Zj,G,x;h)|+ sup ’qu(Zj,G,a:;h)—ufl(Zj,H,y;h)’

z€J,9,0€0 z,yc€J,0€0
[9—611<6n le—yl|<én

Koo L+ ||| 000n Tl oo [~ | oo L i O Tlloo | E |12, L 1,
[ Klloo Lelllollocdn , I7lloollbsllooLacdn | [I7lloo | KIS LicOn

|
< hd p2d h2d+1

Thus, we conclude (12.6) < h(zi%)p

Together these estimates give the following bound on the discretization error in
(12.4)

14 5p
—1 1 . 1 . n
]E’Y 2° zyes‘]l.];})ee@ |Tn(07x7h’) Tn(ﬂvyvh”) :| SW .
lz—yll, 19 —01|<8»

Now consider the second term in (12.4). First we notice that T} (0, x;h) is a
canonical U-Statistic in Z1,...,Z, because U, is symmetric in its first two
arguments. In order to bound the error

sup |Tﬁ(9,m; )|,
z€J,,0€0,

we will need to examine the tail behaviour of |T}(0, z; h)|, which can be done
by means of the Bernstein-type inequality for canonical U-statistics introduced
by Giné et al. (2000, p. 15), which we state as Lemma 12.1 below. In order to
derive the terms A, B, C' described in (12.9), we first observe that when taking
the expectation of a term involving a random K} term, we lose one factor ;%d
by integration, e.g.

1 1
EVHKh(Xl —:c)|] §||£7H00 o Ey [Kg(Xl —x)] < ﬁllwaIm/Kg S X

This yields

K|? 1
A=1Unlloo S ltnlloe < 7)o h,j';o S
B? =nl|[E, [U(Z1,-,0,z: )] || S n||By[ul(Z,-,0,2:h)]] . S % .
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The same arguments apply to C? defined in Lemma 12.1, giving

C? ==n(n —1) (By[u2(Z1, Za, 0,05 0)] + 4B, [un (Z1, Za, 0,5 h)ui (21, 0,3 )]
+ 4 (By[un(Z1, Zo, 0,2 1)) + 4B, [u52(Z1, 0, 2; 1)
+4E,[uy (21,0, z;h)u; (22,0, x; h)])

n2

S = 1By [[un(Z1, Z2,0, 2 h)|]llunlloo S 357 -

Now, Lemma 12.1 and the monotonicity of the exponential function give for any
0, x, h, v and any w > 0 that

P, (T2 (0,25 h)| > w)

= W( > Un(Zj,Zkﬁ,m;h)’>n(n—1)w>

1<j#k<n

<Texp < - % min { n(n —nl)hdw, <n(n \/1F)Lh‘°’zdw> g, (n(n — 1)h*w) B })

1 1
<Texp ( - Tnhdw) Twepo,) + T exp ( — Tnh%ﬁ) Tuelt,o0)

for T > 0 some universal constant. We apply the estimate

E[|W|°] < a” +/ pwIP(W] > w)dw, a>0

a

1
to W =sup,c ;. geo, |Tn(0,; h)|(fggi) 2 and obtain

E[ sup |70, W]

z€J,,0€0,
<(10gn)g{a"+/mpwpl Z P <|T1(9 x;h)| > (10gn>%w) dw}
— d vy n [ el d
nh a z€J,,0€0, nh
logn\ % caem 1 ,rlognyz
< (nhd ) {aPJrC@’Jc;n /a pw’ Texp<f fnh (nhd ) w)lwe[o»(ﬂigi)lﬂ) dw

o0 1 logn\1 1
—d—m —1 d =
+ Co, 50, /a pw? ™ T exp ( - —Tnh ( d ) w?)]lwe[( whd )1/2700) dw

Tog n

togn 4 e {(352) ") 1
ogny 2 ogn )
S (%) ’ {a” + C@,J(Sgd_m/a pw” T exp ( —7 log(n)w) dw
—d—m > -1 1 1
+ Co, 50, o { (lﬁg‘i)l/2,a} pwP™ T exp ( -7 1og(n)w2) dw] , (12.8)

where we used

1 1 1 3
logn\ 2 nhd \ 2 logn\ * nhd \ *
nhd(nhd) = <logn) logn , nhd(nhd = Tog logn
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and the fact that sup,, n,iog(g)d — 0 implies inf,, nh, ()¢ > logn for large enough
n.

The integrals on the right-hand side of (12.8) are handled by the representation
for the incomplete rho integral, i.e. for [ € N,a > 0

0 l
/ w! exp(—w) dw = Il exp(— Z %
a k=0

For a choice of @ > 1 that will be specified later on and [ := [p — 1], this and a
substitution yield

)1/2

max { (b
/ pwP T exp (- 7! log(n)w) dw

< / pw'T exp (=T 'log(n)w) dw

T2 (71 log(n)a)k .
ZPW 2 (k') ~exp(=T"" log(n)a)
—T7'a
<"
logn

By using the transformation w — ; (T)z, we get

L pwP M Texp (= T tog(n)w?) dw
max{(%)Q’a}
- o { (e )t p' T exp (=T~ log(nw?) du
2pT2+3
max{(%)i o3} logn WWQZH exp (—w) dw
k
o 2pTH3 - '21+1 (max{(l’gg‘;)%’a%}T,llog@
= Togmyzez AL 1! ,;) .
d 1
- exp ( — max { (1::2”) 4,a% }Tl 10gn>
1 -1
< T B2l =T by
Siegntnn
<

1
)4 , a%} converges to oo so that the last bound holds for

where b,, = max {(
any ¢ > 0.

logn
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T 1q

By choosing 8,, = n @Fm , a > 1 so large that independently of «,

P
P -1, 5
_m n—TdTlm"hn(a)*@dH)P < (logn \* 7
hu (0) )P ~ \nhn(a)
¢ > T~ 'a and using that sup, né‘ﬁ:)d — 0 implies sup,, W S Toens We get

E

sup |TL(0 x.h)ﬂ <_ Oh n <logn>§ N (IOgn)%(;—d—m =T .
' er,aP;e Y ™ p(2de nhd nhd n logn

< (logn)§ N (logn)§ 1
nhd nhd logn
logn\ &

< (25"

~ ( nhd ) ’

concluding the considerations of sup,¢ jgee [Th (6, 25 h)|?.

N

O

Lemma 12.1 (Giné et al. (2000, p. 15)). Let (Z,)n be a sequence of i.i.d. R%-
valued random variables, defining a canonical U-statistic U,, with bounded canon-
ical kernel x : R?** = R, i.e. for all x,y € R?

Ui= 3 x(Zp20), xlow) =xwo),  Ex(Zuo)= [ x(z0)dPz(z) =0,
1<j#k<n Rl

Then there is a universal constant T > 0 so that for any w > 0, we have
]P’(‘Un| >w) <Texp|( —T 'min i (el ’ d :
— C7 B ) A )

A =] co; B? .= n||IE[x2(Z1,-)]||

where

C?:=n(n— I)E[Xg(Zl, Z5)] .
(12.9)

oo’

Proof of Lemma 8.4. For brevity we introduce the function ¢ : [¢] * (é2+4), 00) —
[4,00), ¥(CLep) := ¢1CLep — €2 and note that ¢ grows linearly in Crep. Using
the decomposition in (12.1) yields

oy =B sup M (0,5 ) — B M (0,31 | > 4(Cre )i
zeJ,0€0

<P, ( sup TE0 2 1,)] > ¥(Crep)ri/2)
z€J,0€0

+P,( sup 7203 h)| > $(Crep)ri/2)
zeJ,0€0

1, =2
=:py; +Dij -
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We shall focus on the probabilities ﬁllj, the ﬁfj are dealt with similarly and in
fact simpler.
We use a discretization as in (12.3) and estimate

P, sup ITHO.w )| > 9 (Crap)hi /2)
z€eJ,0€0
<P sup TE0. 2 hy)]| > ¥(Crop)hi" /4) (12.10)
z€J,,0€0,
+P, ( sup ||Tﬁ(0, x;hj) — TT}(& y; hy)| > w(CLCp)hf”/4>
x,y€J,9,0€0
le—yll,[9—0]|<dn

(12.11)

The term (12.10) can by handled by Bernstein’s inequality for U-statistics,
cf. Lemma 12.1, just like we did in the proof of Theorem 8.3 and the fact
that h; > h;, whence

P( sup ITHO.@ k) > $(Crep)hi /1)

z€J,,0€0,
< > Py(IT(0, i hy)l|l > ¥(CLep)hi /4)
z€J,,0€EO,
< > Py(IUn(Z1, Z2, 0,23 h5) ]| > n(n — 1)3(Crep) by /4)
z€J,,0€EO,

SC@J(S;d_m{TeXP ( - T_lnhW(CLep)h?l/‘l) Ly (Crop)nf /a€(0,1)

+ T exp ( — T 'nh{,/ "/}(CLep>hlal/4) lw(cLep)h;’l/4e[1,oo)}

SC@,J5ndm{TeXp ( - T71n1l)(Cch)h?l+d/4) Ly(Crep)nlt jac(0,1)

=+ TeXp ( — T71n1 / ¢(CLep)h7l/2+d/2) ]]"L/J(CLep)h?L/ﬁle[l,OO)} . (1212)

1
By using h; = (10%) ZoFd we get that

logn\ se5a _ nl
nh;)él/Qer > nhlaerd :n(ﬂ) ertd > nlogn =logn

n
yielding
(12.12) <Ce 4T3, %™ <nT‘1w(CLep)/4 + nT—h/w(chp)/z)
<2Ce ;T84 T V¥ (Cren)/2 (12.13)

because 1(Crep) > 4. The term (12.11) is handled by arguments similar to the
ones found in the proof of Theorem 8.3. Using Markov’s inequality, h; > Iy
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and the arguments used to treat (12.5) - (12.7) for p = 1 that showed that the
expectation in the following display is O((thjfzd*l), we deduce that there is a

constant C so that
lim sup sup 5glh?l+2d+lP7 sup HT,} (0, z; hy) — T (9, y; hy) || > w(Cch)h;”/4>

n— 00 * z,y€J,9,0€0
le—yll,|9—0[|<5n

46, Ry ~
<limsupsup ——~— y sup HT&(@,x;hj)—Tﬁ(ﬁ,y;hj)H <(C<oo,
n—oo * QZJ(CLQP) z,y€J,9,0€0©
le=yll, 190l <dn
(12.14)

where the suprema are taken over o € [a,b], v € T'(a), 0 <1 < j < ky(a).

Now set

1 *b+2d+1 L\’
e aa 2 2 1
C_=¢; |G +4464T°(d + m)° max Sdtm)—1) %0t d + ,

1 = =
T ¢1CLep — G2

8(d +m) ’

U(CLep) =

where T is the universal constant in Lemma 12.1.
Combining (12.13) and (12.14) yields

nu(CLep) 51

limsup sup sup sup by

n—0o  a€la,b] vel (o) 0<I<j<kn(a)

<limsup sup sup 2Cg ;T n“(CLeP)5;61_'”71_T71 V¥(Crep)/2 (12.15)
n—oo  a€la,b] yel'(a)

+ limsup sup sup sup an“(CLep)énhfa172d717 (12.16)
n—00 «a€la,b] yel'(a) 0<I<j<k, ()

which will be finite by choosing

T /¥(CLep) 71, /e1CLep—22

Op = 5n(CLep) =n 4@+m =n_ 4(d+m)
In order to treat (12.15), we see that
log,, (n“(CLeP)égd*mn*T_lm/2>
T /¥ (CLep) N T V/(Crep)  T7'/¥(CLep)
~—  8(d+m) 4 2

(2(d+m) = )T /$(Crep)

8(d+m)

(2(d+m)—1)T1\/6,C_ = &

== 8(d+m)
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<-1
because
2
Hence, for all Cr,cp > C_, we have
(12.15) = limsup sup sup 2Ceo jT n“(CLCP)égd*mn*T_l V¥(CLep)/2
n—00  a€la,b] yeT ()

< limsupn~! = 0.
n—oo

Ad (12.16). Because

ap+2d+1

precret o (D) T e
! logn - ’
we have
logn (nu(Cch)(thl—Otl—Qd—l)

< T /Y(CLep) 3 T /Y(CLep) N b4+2d+1

~  8(d+m) 4(d +m) 2a+d

. T \/Y(CrLep) b+2d+1

B 8(d+m) 2a+d

- T‘l,/élC,—Eg+b+2d+1< 1

- 8(d +m) 20+d
because

b+2d+1 ?
c_>éet ég+64T2(d+m)2<+++1) ] .

2a + d

Hence, for all Ct,ep > C_, we have

(12.16) = limsup sup sup sup 5n“(CLeP)6nhfa"72d71
n—00  a€la,b] vET (o) 0<I<j<kn (o)

< limsupn=t=0,
n—oo

concluding the proof.
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