Integrated Cumulative Error (ICE) distance for mixture
model selection: Application to extreme values in metal

fatigue problems

Pierre Vandekerkhove*§, Jagan M. Padbidrifand David L. McDowell 1

* UMI Georgia Tech - CNRS 2958, George W. Woodruff School of Mechanical Engineering,
Georgia Institute of Technology, Atlanta, GA 30332-0405, USA.

§Université Paris-Est, LAMA (UMR 8050), UPEMLV, F-77454, Marne-la-Vallée, France.

tGeorge W. Woodruff School of Mechanical Engineering,
Georgia Institute of Technology, Atlanta, GA 30332-0405, USA.

Institute for materials, IPST at Georgia Institute of Technology,
Atlanta, GA 30332-0620, USA.

September 16, 2014

Abstract

In this paper, we consider the problem of selecting the most appropriate model,
among a given collection of mixture models, to describe datasets likely drawn from
mixture of distributions. The proposed method consists of finding the quasi-maximum
likelihood estimators (QMLEs) of the various models in competition, using Expectation-
Maximization (EM) type algorithms, and subsequently estimating, for every model,
a statistical distance to the true model based on the empirical cumulative distribu-
tion function (cdf) of the original dataset and the QMLE-fitted cdf. To evaluate the
gooduness of fit, a new metric, the Integrated Cumulative Error (ICE) is proposed and

compared with other existing metrics for accuracy of detecting the appropriate model.



We state, under mild conditions, that our estimator of the ICE distance converges at
the rate y/n in probability along with the consistency of our model selection proce-
dure (ability to detect asymptotically the right model). The ICE criterion shows, over
a set of benchmark examples, numerically improved performance from the existing
distance-based criterions in identifying the correct model. The method is applied in
a material fatigue life context to model the distribution of indicators of the fatigue

crack formation potency, obtained from numerical experiments.

Key words. EM algorithm, extreme value, Gumbel, mixture, model selection, metal

fatigue, quasi-maximum likelihood, probability distance.

1 Introduction

Statistical practitioners are frequently interested in fitting mixture models to univariate
datasets for which nonparametric density estimates show several clear departures from a
description assumed to be accurate using one single standard probability density function
(pdf). Assuming the existence of a mixture model accurately describing the dataset, a
difficult proposition nevertheless arises of defining a criterion for the best model among
all the plausible scenarios, i.e. possible numbers of components and collection of mixed
parametric density families. If the mixed densities are supposed to belong to the same
parametric density family, the above problem turns into estimating the number of compo-
nents that best describes the mixture model. This order determination problem has been
studied in several ways, see for instance Henna [1], Izenman and Sommer [2], Roedner [3],
for various nonparametric techniques or Lindsay [4], Dacunha-Castelle and Gassiat [5], for
moment-based methods, Keribin [6] for a penalized maximum likelihood selection method,
or Berkhof et al. [7] for a Bayesian approach.

To our knowledge, when the mixed densities possibly arise from different parametric
families, inducing the exploration of a possibly high number of combinatory models, there
is no existing specific methodology. We nevertheless mention the work of Vuong [8], who
proposed asymptotic likelihood tests to select the closest model to fit the given dataset
from among a set of competing models based on the Kullback-Leibler (KL) information.
However, it is important to note that the methodology developed in that paper fails
in providing a total order on the set of competing models, the KL information being a

statistical divergence but not a true probability-distance (lack of symmetry).



The aim of this paper is to develop a finite-sample oriented methodology that can
order the models in competition, based on their ability to resample the dataset of interest.
For this purpose, we suppose that for each model in competition, we can identify its
quasi-maximum likelihood estimator (QMLE), the true model being possibly part of the
competing models. The basic idea is then to estimate a true distance between the models
in competition and the distribution of the observations, based, for each model, on the
comparison between the QMLE-fitted cdf and the empirical cdf of the dataset of interest.
In this paper, the main motivation for developing such a mixture modeling method arises
from observations of fatigue life distributions of metals.

Typically fatigue damage in material science is defined as the degradation of material
properties due to the repeated application of stresses and strains leading to material
failure [9]. In metallic materials and alloys, fatigue damage in the high cycle and very
high cycle fatigue regime (fatigue life of few to hundreds of millions of loading cycles) is
initiated at the level of structural units called grains, whose size ranges from a few to a few
hundred microns (1 micron = 10~% metres). Each of these grains has a specific crystalline
structure i.e. atomic arrangement. In the high cycle fatigue regime, damage in materials
accumulates due to irreversible motion of defects along specific crystallographic directions.
The rate of damage accumulation and consequently crack formation and fatigue life, is
due to a combination of variables such as microstructural features (grain size, crystalline
structure etc.) and applied loading. The probability of crack formation in a given volume
of material is governed by the extreme value probability of a favorable combination of
microstructural features [12]. Thus, the high cycle fatigue life of a material manifests as
a distribution rather than a unique value for multiple experimental realizations and is
described well by extreme value distributions.

The variation in distribution of fatigue life in metals is observed to a greater extent in
the high cycle and very high cycle fatigue regimes than for low cycle fatigue life (thousands
to tens of thousands of fatigue cycles) [10, 11], observed experimentally for a wide variety
of metal alloys [13, 14, 15, 16, 17]. The distribution of the fatigue life also varies with
the mechanism of crack initiation in the material [14, 17]. For a more detailed discussion
on crack initiation mechanisms in materials, the reader is referred to Suresh [9]. In the
high and very high cycle fatigue regime, the fatigue life scatter is described by extreme
value distributions. Przybyla and McDowell [12] used a Gumbel distribution to quantify

the variation of fatigue indicator parameters obtained from numerical experiments. Other



extreme value distributions such as 2 or 3 parameter Weibull distributions have also been
used to model the scatter in the observed fatigue life [16, 17, 18, 19]. Mixtures of ex-
treme value distributions have been used to model fatigue life distributions when multiple
mechanisms for crack formation have been observed [17, 19] with each extreme value dis-
tribution describing the scatter associated with a different crack formation mechanism. It
is to be noted that an approach to describing the fatigue life scatter using a mixture of
distributions for a single crack formation mechanism has not been considered in any of
the above studies.

In the present work, we confine ourselves to quantifying the distribution of the ex-
treme values of stresses that act as driving forces for the motion of defects along specific
crystallographic directions within a grain and cause damage accumulation. This stress is
referred to as resolved shear stress and can be a potent indicator of the crack formation life
and thus, the fatigue life of the material. The extreme value of the resolved shear stress
can be influenced by factors such as neighboring grains which could lead to the possibility
of a corrupted/mixture of extreme value distributions to describe the distribution of the
resolved shear stress. Thus, the approach taken here is to develop a generalized frame-
work of identifying the “best” mixture model, not all of which might be extreme value
distributions.

The paper is organized as follows. Section 2 is devoted to a detailed description of the
model choice problem which is to be addressed and the methodology proposed in answer,
while Section 3 is dedicated to the statement of the asymptotic properties of our method
(convergence rate and consistency). The finite-sample performance of the proposed model
selection method is studied in comparison with two other model selection procedures,
based on the Kolmogorov-Smirnov and Shannon-Jensen distances, for various scenarios
through Monte Carlo experiments in Section 4. In Section 5 the proposed method is
applied to real datasets obtained from numerical experiments where mixtures of Gumbel
and Gaussian distributions are suspected. Appendix, Section 7, is dedicated to the proofs
of the theorems established in Section 3. In a “supplementary materials” section, we
provide a brief description of the QMLE and its asymptotic convergence properties, and
show that the technical assumptions insuring the validity of our method are fully satisfied
when considering mixtures of Gumbel and Normal distributions as applied to datasets

obtained from numerical simulations in Section 5.



2 Problem and methodology

Let us suppose that we observe an univariate iid sample X = (X1,...,X,,) distributed
according to an unknown pdf fy which is possibly a mixture of pdfs belonging to a given
collection
K;
M=« fi(z,95) = Zﬂj,khj,k(iﬂ,ej,k), zxeR, j=1,...,J, (1)
k=1

where, for all j € 7 :={1,...,J}, respectively, the Euclidean parameter
’l9j = (7'(']'; 9j,17 ey Gj,Kj), with 7'[']' = (7'(']'71, . ,7Tj7Kj),

is supposed to belong to a parametric space 0; := S(Kj) Hf;l ®; 1, where S(Kj) =
{TrﬂC >0, 1<k<K;j: Zf;l Tk = 1}, ®; 1. is a parametric space corresponding specif-
ically to each 6, and {h;(-,0;%), k=1,...,K;} is a set of given pdfs.

For simplicity and to avoid technical issues related to the identifiability and degeneracy
of the MLE’s asymptotic normality in the neighborhood of negligible mixture weights, see
example given in Keribin (2000, p. 51), we suppose that there are no nested models in the

collection M, which is stated in the following assumption.

Assumption (NN). We suppose that in the collection M there do not exist two indices
J1 and jg such that K; < Kj, and

fj1 (1'319]'1) = ij(x719j2) r €R,
when considering

Ty = (T 15 Ty K150, - - ,0).
Kijy—Kjy
Such a setup holds easily by assuming that the mixture weight vectors are component-
wise uniformly lower bounded over the collection M. This last approach matches in fact
the natural thinking of a practitioner during the construction process of an interpretable
collection of models to investigate (every component having to play a “real” role). Let us

state now the basic questioning of this paper:



Model selection Problem. How to select, among the J mixture models of interest con-
sidered in M and fitted by a QML approach, the one that fits the dataset X best, the true

density fo of which is unknown ?

To answer this question we propose to introduce a new adapted statistical distance able
to establish a total ordering among the models in competition (discrete topology on models
set), with some expected good finite sample properties compared to those usually encoun-
tered when using the Kolmogorov-Smirnov (strong sensitivity of the supremum norm to
local defects or outliers) and Shannon-Jensen distances (asymptotic tailed-oriented ap-
proach suffering of a bandwidth selection problem in finite range applications), see (9-10)

for definitions and following discussion.

Proposed Methodology. For each label j € J, we introduce
ﬁj(X?) = ’l§j = (7?[']‘71, e 77%j,K—1; éj,17 oo ,éjJ{)

the Quasi-Maximum Likelihood Estimator (QMLE) of ¥;,, where ¥, is defined as the
minimizer in ¥ of the Kullback-Leibler divergence IC( fo, f;(-,¥)) over ©;, respectively de-
fined by (30) in the supplementary material Section, when considering the j-labelled model
in family M. Note that these estimators are generally computed by using the Expectation
Maximization (EM) algorithm, see e.g. Dempster et. al. [21] and Wu [20], which is by far

the most efficient and essential fitting method in missing data problems.

We define next, for every label j € J, the plug-in QMLE mixture estimate of f;(-,%;4),
also denoted for convenience f; ., by
K.

fi(@) = fi(x,9(X1) = D #jrhyn(e,055), @ €R. (2)
k=1

Finally we introduce the collection of pdfs M, defined by
M, = {fO(:U%fj,*(x)v z €R, jzlv-"aJ}a (3)

and also the key Integrated Cumulative Error (ICE) quantity on M, defined for all
(flafZ) € Mi by

ICB(fi.£2) = 5 | |Fi@) = Po@)ldFue. (@), @R, (4)
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where Fj(z) = [*_ fi(t)dt, i = 1,2, and Fpzq, :=1/(J +1) Z}]:o F; . with the convention
Fos = F(). To differentiate the behavior of the method when fj truly belongs to the family

M or the contrary, we propose to introduce two additional assumptions.

Assumption (S1). The density fo does not belong to the collection M, or equivalently
/C(f(), fj,*) >0 for all j € J.

Assumption (S2). The collection M contains the true density fy , i.e. there exists a

unique jo and a unique parameter ¥ € ©;, such that

fo(z) = fijo(z,00) = €R,

or equivalently KC(fo, fj«) = 0, if and only if j = jo anf 9;, = 9.

To use a QML based approach for choosing the most appropriate model, we suggest to
select among the collection of models M defined in (1), the one, with label j, € J, that

minimizes the IC'E distance to fy, i.e.
jo 1= axgmin ICE(fy., fo). (5)
€T

Note that under (S2), we have j. = jo.

In order to implement this procedure we introduce, for all x € R and j € J, the empirical

and smoothed versions of the cdfs involved in (4), i.e.
1’) = 1/712]1)((1335, Fj(l') = / fj(t)dt, and F = 1/nZHyJ <> (6)
q=1 >

where Y; := (Yj1,...,Y}y) is an iid sample drawn from fj, and denote for convenience
Yo := (Yo1,---,Y0m) = (X1,...,Xn). An empirical estimator of ICE(fjx«, fo) is then
naturally defined by the IC'E statistics

/\ 1 J n ) -
ICE(fjx fo) = mz |F(Yi1) — Fo(Yin)
=0 =1
- ii (Vi) - 2200 e (@)
n(J+1) &=’ L n | ’

~J



where foralll = 0,...,J, Y q) <+ <Y (), and ny y, (i) = # {X, < Yias a=1,.. ., n}.
Finally we estimate j, by j defined by:

j = argmin ICE(f;, fo). (8)
jeTJ

Alternative distances and their estimators. The natural counterpart of the IC'E dis-
tance in the statistical literature are the Kolmogorov-Smirnov (K.S) and Shannon-Jensen
(SJ) distances. For all (f1, f2) € M2 the KS and SJ distances are defined respectively
by: 1) KS(f1, f2) := supyep |Fi(z) — Fo(z)| and i) ST(f1, f2) := 5 [E(f1lm) + E(f2lm))]
where m = 1/2f1 4+ 1/2f5 and E(film) = [log(fi/m)df;, i = 1,2. For implementation and
comparison perspective we define the natural estimators of the above distances evaluated
at each (f;, fo), j € J:

K S statistics: : I/(E'(fj, fo) == sup | Ej(z) — Fy(x)], (9)
zeR

where Ej and Fp are defined in (6), and

S.J statistics:  SJ(f;, fo) := [g(fj]m)+§(f0\m)}, (10)

N | =

where

n .
E(fylm) = Zl ( §j§> Cand E(folm) = ;;log (ﬁgﬁ;{;) |

with f; defined in (2), fo(z) := 1/nb, >, K(X; —x/b,) is a standard Parzen-Rosenblatt
kernel density estimate of fy with bandwidth parameter b, — 0 as n — +oo, and m :=
1/2f; +1/2fo.

Discussion. It is well known that in case the original dataset X contains outliers, then the
empirical cdf Fy turns to be a bad estimator of Fy in the distribution-tails. Practically this
leads to observe sometimes excessively high values of the Kolmogorov-Smirnov statistics
when the approximation F] under the modes of fy is rather acceptable. In addition,
specially when the sample size is small and the dispersion of fy is large, it is not rare to
observe “gaps” in the ordered dataset along intervals normally reasonably weighted by
fo. This situation usually leads to local defects of Fy which are generally very strongly
punished by the KS statistics. On the other hand the advantage of the K S statistics
lies in the fact that his computation is completely tuning-parameter free which makes its

implementation and interpretation rather straightforward.



Regarding the Shannon-Jensen statistics, it is interesting to notice that it is a much
more robust (with respect to outliers and local sampling imperfections) quantity in the
sense that it integrates progressively the dissimilarities of f; and fy versus m = 1/2f; +
1/2fo proportionaly to f; and fo, smoothing by the way the impact of local defects and
vanishing the influence of outliers. The downside of the SJ statistics lies in the fact that it
requires the tuning of a bandwidth parameter, which step is known to have a big influence
on the quality estimation (and final interpretation) specially in small range sample sizes.

We attempted, by proposing the ICE statistics, to keep the best properties of the K.S
and SJ statistics and avoid as much as possible their lacks. Indeed, we clearly see in (7)
that the cdf difference originally involved in the K .S statistics is averaged according to a
probability density distribution reflecting equally the fitted distributions fj, j € J. This
step should hopefully prevent the ICE statistics to be oversensitive to outliers and local
random defects by providing a more global-fitting oriented information similarly to the
SJ statistics. On the other hand, since the IC'E statistics is only based on closed form
pdfs and empirical measures based integration, it does not require any tuning parameter

which makes its use particularly simple and free from suspicious discussions about that one.

Small sample size: a Monte Carlo alternative. When there is no hope, for some
technical reasons, to get large observed datasets x} := (x1,...,2,), the interpretation
of TCE criterion has to be handled carefully. Indeed, the empirical means involved in
definition (7), based on the random samples (Y} 1,...,Y})’s, may show themselves to be
sources of stochastic instability and, as a consequence, badly affect the interpretation of
the results provided by ICE criterion. Nevertheless this stochastic instability can be easily
removed. Indeed, denoting by %(wqf) the QMLE of ¥;., j € J, based on the observed
sample z7', we can figure out to evaluate the accuracy of the fitted pdf fj(x,ﬁj(x?))
with fo, by generating independently NV iid samples of size n, Y{", := (Yig,...,Yny), for
¢=1,...,N, and estimate the mean value of criterion JC'E conditionally on { X} = 27},
i.e. ICE;j(z}):=FE <I/C\E(f],f)) | {X] =2 ), by the empirical mean

N
ICF,(e}) = - S TCE(f;, f), (1)

where I/C'\Eg corresponds to expression (7) when taking Y], instead of Y{*. Moreover

since the samples (Y{"))1<¢<n are mutually independent and the random variables 0 <
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ICE(fj, f) <1 we have the Central Limit Theorem (CLT):
VN(ICE;(a}) — ICE;(z7)) =5 N(0,3;(27)), as N — oo,

which allows to derive classical parametric bootstrap confidence intervals. Note that av-
eraged criterions K.S and SJ can also be obtained by replacing I/(].\Eg in (11) by I/(TS’g
and S.J ¢ respectively. This last approach will be employed to reinforce the stability of the
various criterions during the study of models M3-4 in Section 4.1 and also in the real

datasets Section 4.3.

3 Assumptions and asymptotic results

For simplicity, we endow the space R®, s > 1, with the || - ||s norm defined for all
v = (v1,...,0s) by [[vlls = 3227 |vj| where |- | denotes the absolute value. To reduce
wastefully heavy expressions due to the dependence on s, we omit to mention it by con-

sidering, equally on s, || - ||s = || - ||-

We introduce now a basic assumption dealing with the resampling step of our method (see

Section 8.3 for illustrative examples).

Assumption (G). For all (j,k) € J x {1,...,K;} and all 6, € ®;, there exists a pdf
[k and an analytic function p; (-, 6;x) such that for any random variable Yj ~ f; 1 we
have p; x(Yjk,05%) ~ fjk(:|0;%). In addition there exists a constant C' independent from
(j,k) € T x {1,...,K;} such that for all (6,6) € ®? we have

103 (2,0) = pip(2, 0] < Cllzl + 1] x 0 = 0", =z €R. (12)

In addition, we define for all j € J and all k =1,..., K;:

T
F. = Js . Js @
]7k(x7 9) < 891 ’ 9 aed]’k ’ 9 € Jko

where d; j, == dim(P; ;).

Assumption (R). Forall j € J and all k = 1,..., K}, the cdf F} ;(z,0) is a continuously

differentiable function of 6 € ®;;, for each x € R. Moreover, we suppose that there exists

10



a constant M > 1 such that

sup  ||Fjr(z,0)| <M, jeJ and k=1,..., K.
IGR,HGCI)J"]Q

Note that fully detailed verification of assumptions (R) and (G) is done in Appendix,
Section 7, for Normal and Gumbel distributions.
The following theorems establish respectively the metric property of the IC E quantity

and the asymptotic behavior of ICFE and 7 when the sample size n goes to infinity.

Theorem 1 Under assumption (R) the ICE quantity is a distance on the finite collection
M, (inducing a total ordering), i.e. for all pdf f; j =1,2,3 belonging to M, we have

i) ICE(f1, f2) >0, and ICE(f1, f2) =0 < f1 = fa A-a.e. (definite positiveness),
it) ICE(f1, f2) = ICE(f2, f1) (symmetry),

iii) ICE(f1, f3) < ICE(f1, f2) + ICE(fa, f3) (subadditivity).

Theorem 2 i) If all the parametric mizture models belonging to the collection M satisfy
conditions (A1-6), given in Appendiz 1, and assumptions (NN, S1 or S2, G, R) hold, then
for all j € J we have

Va|\ICE(f;, fo) — ICE(f;, fo)| = Op (1).

it) Under (S1), if conditions (A1-6) and assumptions (NE, G, R) hold, then the ICE

criterion defined in (8) is quasi-consistent in Probability, i.e.
P(G=js)—1, as n— oc. (13)

i11) Under (S2), if conditions (A1-6) and assumptions (NE, G, R) hold, then the ICE

criterion defined in (8) is consistent in Probability, i.e.
P(G=3jo)—1, as n— oc. (14)

The proofs of Theorem 1 and 2 are relegated in Appendix, Section 7.
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4 Simulation Study

4.1 Large sample Monte Carlo study

In order to study the qualitative finite sample properties of IC'E criterion compared to
the K.S and SJ criteria, we propose to test these criteria on two families of benchmark
examples: 1) mixtures of Normals and at most one centered Laplace and ii) mixtures of

Normals and Gumbels.

Notations and examples.

i) We denote by N[r](d,) a generic mixture of r Normal distributions where ¥, :=
(m, (0;)i_,) is composed by m = (1, ..., m—1) the mixture weights vector, and (6;);_; the
collections of parameters corresponding to the Normals.

We also denote by NL[q](¥4—1, ), a generic mixture of ¢ — 1 Normal distributions and
one centered Laplace distribution, where 9,1 := (m, (Gi)g:_ll ,A) is composed by m =
(m1,...,mg—1) the mixture weights vector, (Gi)g;ll the collections of parameters corre-
sponding to the Normals and A € R \ {0} the scaling parameter of the centered Laplace
distribution which pdf is given by fry(7) = A/2exp(=A|z|), z € R. We then consider

the benchmark models:

M1 : N[3|(¢3) under
case 1 : 7 =(0.2,0.5),0; = (8,0.5),0, = (4,1),03 = (0, 1),
case 2 : w=1(04,0.3),0, = (7,1),02 = (3,3),03 = (0,1),
case 3 : w=1(04,0.3),0; = (5,1),00=(3,1),03 = (0,0.3).
M2 : NL[2](¥1,A) under
case 1l : m=0.5,60=(3,1),A=2,
case 2 : w=0.3,60p =(4,0.5),A =2,
case 3 : w=0.7,60 =(7,2),A=0.5.
For model M1 we consider three models in competition labeled by j: when j =1,2,3 we
consider respectively N[2]|, N[3], NL[3|, which gives jo = 2 for M1 .

For model M2 we consider three models in competition labeled by j: when j =1,2,3 we
consider respectively, N[2], NL[2], N[3], which gives jo = 2 for M2 .

12



Remarks. The interest of comparing mixtures of Normals and Normals with one centered
Laplace distribution lies in the fact that the EM algorithms linked to these models have
closed iterative forms allowing a fast investigation on a varied collection of models. In
addition, it is worth to notice that they also provide very challenging modeling problems
when a Laplace component has, for example, to be validated against a peaky Normal
component (see the plots in Fig. 1).

ii) We denote by NG|r,q](9,4) a generic mixture of r Normal and ¢ Gumbel dis-
tributions where ¥, , 1= (7,4, (6i)]_;, (QSj)?:l) is composed by w4 = (71,...,Tr4q) the
mixture weights vector, and (6;)I_;, respectively (¢j)3’=17 the collections of parameters
corresponding to the Normal and Gumbel distributions respectively. We then consider

the benchmark models:

Ma3: NG[L 2](191,2% with T2 = (1/2, 1/4)7 91 = (2705)7 le = (07 2)7 ¢2 = (47 3)
M4. NG[Q, 1](19271), with 2,1 = (1/3, 1/3), 91 = (0, 1), 92 = (2,05), ¢1 = (3,2)

For these two models we consider three models in competition labeled by j: when j =1,2,3
we consider respectively NG[1,1], NG[2,1], NG[1,2] which gives jo = 3 for M3 and jy = 2
for M4.

EM and GEM algorithms.

i) For the fitting of mixtures of Normals and at most one centered Laplace distribution,
we use the standard closed form Expectation-Maximization (EM) algorithms (the MLE
for the centered Laplace distribution being explicit) as defined in Dempster et al. [21]
p-4. The EM algorithms are initialized at arbitrarily values supposed to reflect the guess
of a practitioner and run until the difference between two successive iteration outputs is
inferior to 10™2 or when one of the estimated proportion mixture is less than 0.1 to insure
the no-nested model condition (NIN) specially in the over-parametrization case N[3] under
model M2 .

ii) For the fitting of mixtures of Normal and Gumbel distributions it unfortunately
does not exist closed form solutions for updating the parameters of the Gumbel com-
ponents during the maximization step of the EM algorithm. This concern forces us to
implement a generalized EM algorithm (GEM), see Dempster et al. [21] p. 7, in which a

discretized search in the neighborhood of the current parameters is performed in order to
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Figure 1: First row, respectively second row, plot of model M1, respectively M2, proba-
bility density function (solid) and a representative kernel density estimate (dashed) based

on n = 300 observations under case j = 1,2,3 (columns).

010 015 020 025 030
I I I I I

0.05
I

0.00
I

Figure 2: Left side, respectively right side, plot of model M3, respectively M4, probability
density function (solid) and a representative kernel density estimate (dashed) based on

n = 300 observations.
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insure the increase of the log-likelihood function. The search is performed over a grid of
uniformly spaced points and the weighted log-likelihood of each component is calculated
at each of these points. The limits of the grid are defined as +0.1 with increments of 0.01
for the location parameter and +0.01 with increments of 0.001 for the scale parameter.
The parameters of a component of the mixture are updated, if necessary, by identifying
the argument of the maximum of the weighted log-likelihood evaluated over the grid of
points specified. The support of the area/grid over which the weighted log-likelihood of
a component is maximized, is also updated along with the updated parameters. The
weights of the components of the model are updated in the successive iteration based on
the updated values of the parameters. The method is assumed to have converged when
the global log-likelihood of the model being estimated varies within a tolerance of 10710
for fifty successive iterations.

In our Monte Carlo simulation experiment we generate 100 samples of size n from
models M1 — 4 and their different cases. For each sample, we compute the QMLE for
the various models in competition, estimate their distances I/C'\E7 KS and JS when con-
sidering M1-2 and ICE, KS and JS (based on N = 100 resamplings) when considering
M3-4, to the true model, and pick the models minimizing respectively these quantities.
In Tables 1-3 we report, for different values of n, the selection rate obtained by each model
when using these criterions. For clarity purpose, the cells of Tables 1-3 corresponding to

the true model are colored in green.
Comments on Tables 1-3.

Table 1. Tt is interesting to notice first that case 1, which is a clearly designed 3 com-
ponents Normal mixture, is well identified by all the criterions despite the small sample
size under consideration. For case 2 and 3, which have been deliberately setup to mimic a
two components mixture model, we observe that K S falls in that trap about 10% of the
trials when the other criterions do not. Overall ICE criterion outperforms very clearly
the other criterions (15% to 20% more efficient) when JS seems to have more difficulties
in distinguishing a (peaky) Laplace component vs a Normal component due to the kernel

smoothing step involved in its definition (10).
Table 2. The main difficulty in that collection of cases is that our criterions have to
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“decide” at some point if the zero-centered peaky component corresponds to a Laplace
distribution or a peaky gaussian distribution (see Fig. 1 second row). This explains the
fact that much more data is needed to get a valid conclusion. In case 1, where the Laplace
component is strongly weighted and widely overlapped by the Normal component, we ob-
serve that there is no really valid conclusion under n = 500. For case 1, the TCE criterion
outperforms sligthly the other criterions when JS struggles more in rejecting the over-
fitted model 5 = 3. For cases 2 and 3, we can observe in Fig. 1 that the kernel density
estimators fit pretty well the probability density curve of the mixtures, which is reflected
in the very good selection rate obtained by all the criterions (we even obtained a 100% of

success for ICE during our N = 100 experiments when considering case 2 with n = 1000).

Table 3. The interest of model M3 is that its third Gumbel component has a very heavy
right-side tail compared to the cases considered in M1 and M2 , when model M4 allows
to illustrate the behavior of our method in a kind of well designed situation (M1-2 like)
including a more reasonably tailed Gumbel distribution.

Since the datasets generated from M3 are basically very spread-out, we encounter very
often situations, specially for small sample sizes, where nearest neighbors are relatively far
from each over. This concern affects very badly the quality estimation of the cumulative
distribution and the probability density function (see left side of Fig. 2) as it is discussed
at the end of Section 2. In this very challenging example we observe that criterion 7S
excludes very early the underparametrized model NG[1, 1] when criterions ICE and KS ,
both based on the empirical cdf, struggle in rejecting it (still about 10% of NG[1, 1] models
are selected when n = 1000). On the other hand we have to recognize the good behavior
of TC'E criterion which actually is the only one able to detect significantly the right model
by having a success rate of 75% for n = 1000 when other criterions stabilize their success
rates around 30 —50% for n = 100, 300,1000 which are values close to the prior probability
of picking the right model.

The study of model M4 confirms the major influence of the distribution-tails on the
finite sample size performances of the various criterions. Indeed, the fact that the mixture
model M4 has only one Gumbel component with a scale parameter equal to 2, when there
was two Gumbel components with scale parameters equal to 2 and 3 in M3, allows a
better estimation of the cdf and pdf (compare both sides of Fig. 2). As a consequence,
the results displayed in Table 3 corresponding to model M4 are clearly better than those
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corresponding to model M3. Again we have to recognize the superiority of ICE on its
competitors since it gets respectively 70% and 87% of success rate when KS , respectively
jS’, only reach 66% and 75%, respectively 55% and 61%, for n = 300 and n = 1000.

Model j | n case 1 case 2 case 3
j=1 50 {0,0,0} {0,11,0} {4,10,0}
j=3 50 | {18,31,43} | {23,26,43} | {22,36,40}
j=1 100 {0,0,0} {1,8,0} {3,10,0}
j=3 | 100 | {10,36,31} | {15,19,39} | {19,38,39}
j=1 1200 {0,0,0} {0,8,0} {0,4,0}
j=3 200 | {521,17} | {13,25,39} | {13,28,32}

Table 1: Within brackets selection rates of competing models j = 1,2, 3 associated respec-

tively to I/C’\E, I/(E, S.J under M1 and cases 1, 2, 3.

Model j n case 1 case 2 case 3
j=1 100 | {39,34,27} | {34,29,33} | {32,19,25}
j=3 100 | {39,36,49} {4,10,2} {22, 30,23}
j=1 200 | {14,23,17} | {18,14,25} | {18,17,20}
j=3 200 | {10,36,31} {0,4,0} {17, 20,23}
j=1 500 {2,3,6} {5,6,9} {16, 20, 18}
j=3 500 | {45,48,54} {0,2,0} {9,9,11}
j=1 1000 {2,1,1} {0,2,0} {3,10, 8}
j=3 | 1000 | {35,40,58} {0,3,7} {2,1,2}

Table 2: Within brackets selection rates of competing models j = 1, 2, 3 associated respec-

tively to @, I/(,\S', SJ under M2 and cases 1,2,3
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Model j n M3 M4
j=1 | 100 | {13,251} | {2,10,5)
j=2 | 100 | {36,43,56}
j= 300 | {13,21,2}
j=2 | 300 | {29,37,52}
=3 | 300 [ {58.43,46) | {29,28,43)
j=1 |1000| {8,14,2}
j=2 | 1000 | {17,45,46}
j=3 | 1000

{44, 48,37}
{1,6,2}

{13,24,39}

Table 3: Within brackets selection rates of competing models j = 1, 2, 3 associated respec-
tively to ICE, KS, SJ under M3 and M4 .

4.2 Simulation methodology

We attempt to relate the distribution of fatigue life typically observed in materials through
numerical simulations that take into account the effect of the microstructure of the ma-
terial i.e., by modeling individual grains. A schematic of the microstructure generated is
shown in Fig. 3. The different color codes of each grain in Fig. 3 indicate that different
orientations are assigned to each grain. For simplicity, we have considered an idealized
grain structure (cubes) subject to monotonic deformation with linear elastic material prop-
erties. We have considered the elastic properties of a material with a face centered cubic
crystalline structure (austenitic stainless steel at room temperature) for the purpose of
these simulations. The single crystal elastic constants have been adopted from [26].

The distribution of fatigue crack initiation potencies for different microstructures is
usually quantifyied by the distribution of fatigue indicator parameters [12], which con-
sider grain averaged parameters that include microscale cyclic plasticity obtained from
computational experiments. The distribution of the microscale cyclic plasticity in a com-
putational volume has been shown to vary with the imposed deformation amplitude [25].
In the present context of using linear elastic material models subject to tension i.e. no
cyclic plasticity, the simulations would qualitatively approach the high cycle and very high
cycle fatigue regime where the plasticity averaged over the volume of the computational

cell would be very low. Further, here we characterize the distribution of the extreme val-
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ues of the shear stress resolved along specific crystallographic (slip) directions, averaged
over a grain. Thus, the extremal value of this grain averaged resolved shear stress would
be an indicator of the potency of fatigue crack formation in a microstructural realization.
Also, while inter-granular interactions are being considered here, the effect of grain size
distribution will not be accounted for due to the simplified microsctructure assumed. The
computational cell shown in Fig. 3, serves as a statistical volume element (SVE) i.e. a
single computational cell is not large enough to capture all the statistical variations of
the fatigue crack formation potency generated due to microstructural variations. Thus,
multiple realizations are required to obtain the distribution of the extremal values of the

fatigue crack formation potency.

Figure 3: Realization of the idealized microstructure used for the finite element simula-

tions.

The boundary value problem is solved by the finite element method [27] using the
software ABAQUS [28]. We explore the distribution of the extreme values of the grain
averaged resolved shear stresses for different boundary conditions and computational cell
size. In this study, the computational cell is subject to uniaxial tension using two bound-
ary conditions viz. free surface boundary conditions and generalized periodic boundary
conditions [12, 29]. The computational cell size is varied from 5 grains in each dimension
to 10 grains in each dimension with 27 8-node brick elements with linear interpolation
and reduced integration (C3D8R) finite elements for each grain. For each microstructural

realization, the grain averaged values of shear stress along all possible slip directions at
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the peak tensile strain (0.2%) form the random variable, from which the extremal value is
selected. The collection of such extreme values for multiple realizations is referred to as

the real dataset in the subsequent subsection.

4.3 Application to real data set: Results and discussion

Let consider a set of r® Input random variables
U(r) == {Uxpm, (k,l,m) €S>},

with S, := {1,...,r}, valued in a measurable space (U,By), where for each triplet
(k,l,m) € S3, Uk,.m represents the resolved shear stresses averaged over a grain in a
particular realization of the numerical experiments. Thus, the set of grain averaged re-

solved shear stresses obtained for all the grains from a realization are given by:
Rk,l,m = f(k, l7 m, U(T), aB)a

where £(+) is treated as a black-box function whose entries are the location of a grain in
the computational cell (k,l, m), the random input in the block U(r), and the boundary
condition dB. The input U(r) is considered random since each computational realization
has randomly assigned grain orientations. We denote by

X = .
(r) | pax_ R im

Let us suppose that we repeat the experiment n times and collect n extreme values
X7(r) == (X1(r),...,Xn(r)), which forms the dataset. Our aim is to statistically model
the distribution of X (r)’s for different levels of discretization r, and boundary conditions
0B. For our simulations, (k,l,m) vary from 5 to 10 yielding a computational cell size of
125 to 1000 grains and n = 300. Here, since Ry, is the set of grain averaged resolved
stresses for all the grains in a given realization of the microstructure, the dataset X7'(r)
represents the collection of the extreme values of the grain averaged resolved shear stress
(indicative of fatigue crack formation potency) for n realizations of the microstructure.

The method of identifying the best model to estimate the underlying mixture of X7'(r)
is similar to the one outlined in the previous section i.e., we start by assuming various
possible models that would describe the underlying mixture and estimate the parameters

of the model using the EM algorithm. However, the tolerance used as criterion for the
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convergence of the method, is changed to 107%. A comparison of the pdfs of the dataset
and a random variable of size n = 300 generated from the estimated parameters, using
nonparametric density estimates, is shown in Figs. 4 and 5, for different assumed mixture
models. It can be seen that the EM algorithm estimates the parameters of the mixture
model accurately, not only for the location and scale parameters for the dominant distri-
bution, but also the parameters of the smaller components of the mixture that present as
perturbations (bumps). From the nonparametric density estimates (Figs. 4 and 5), it can

be seen that the dataset is a mixture of many distributions (possibly 3 - 4).

0.02 0.03 0.04 0.05 0.06
I I I I

0.01
I

0.00
I

180 190 200 210 220 230 240 180 190 200 210 220 230 240

(a) (b)

Figure 4: Left side, respectively right side, plot of the fitted mixture model (solid) when
model (a) NGJ0, 3], respectively (b) NGJ1,3], is assumed for the dataset X3°°(5) along

with a nonparametric density estimate (dashed).

We recall that the dataset is a collection of the extreme values of the grain averaged
resolved shear stresses in a computational cell for multiple microstructural realizations.
In the present case, the interaction with neighboring grains, which have different crys-
tallographic orientations, coupled with the boundary conditions introduce perturbations
from homogeneous deformation of the assembly. This could be the primary reason of the
convergent extreme value distribution being corrupted which manifests as a mixture of
distributions. Nevertheless, assuming the existence of a model that has mixture of distri-
butions, an approach to order the different possible mixture models is presented next.

Since the exact model describing the underlying mixture is not known a priori, a

collection of competing models is considered to obtain the best fit to the dataset X7 (r).
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Figure 5: Left side, respectively right side, plot of the fitted mixture model (solid) when
model (a) NGI1,3], respectively (b) NGJ0,4], is assumed for the dataset X;°°(10) along

with a nonparametric density estimate (dashed).

The models in competition are model 1: NGJ0,1], model 2: NG[1,1], model 3: NGJ0, 2],
model 4: NG[1,2], model 5: NGJ0, 3], model 6: NG[2,2], model 7: NGJ[1,3] and model 8:
NGJ[0,4]. The parameters of each model are estimated using the EM algorithm described
in Section 4.1 . Subsequent to determining the parameters of each model j € {1,...,8},
a random sample of size n is generated to compute the criterion @ from the dataset
X7(r). This process is repeated for N = 100 samples in order to compute the Monte
Carlo estimate ICE;(r) := ICE;(X}(r)), see definition (11), based on the dataset X7(r)
for each model j. This approach assumes significance in the current context of a small
sample size (n = 300) relatively to the observation domain which is approximately equal
to [200,240]. The model that most accurately fits the dataset is assessed based on the
minimum ICE for all the models considered. This approach of considering models in
competition allows the ranking of the different models considered. The ICE; for all the
models j € {1,...,8} and different sizes of the computational cell are plotted in Fig. 6.

The values of the IC'E for all the models and combinations of computational cell size and
Boundary Conditions (BC) are listed in Table 3 (at the end of Section 7).

From Fig. 6, it is apparent that a better fit to the dataset is obtained by using a
higher number of distributions. In almost all cases, a single Gumbel distribution provides

the least accurate fit to the dataset. This is particularly important since the fatigue
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Figure 6: Variation of IC'E criterion for different assumed mixture models for computa-
tional cells consisting of (a) 125 grains and (b) 1000 grains. Points depicted by triangles

and circles correspond to free surface BC and periodic BC respectively.

life distributions are often fit to a single extreme value distribution [16, 17, 18, 19]. We
have previously surmised that the departure of the dataset from a single extreme value
distribution is due to perturbations induced by inter-granular interactions and boundary
conditions. It is, however, noteworthy that a single Gumbel distribution shows a marked
increase of accuracy in modeling the dataset for the larger assembly. Thus, it can be argued
that the the periodic BC might partially mitigate the perturbations introduced due to the
boundary conditions, thus increasing the accuracy of one extreme value distribution in
describing the dataset.

It is also noteworthy that the same mixture models predict the distribution most ac-
curately for both boundary conditions for a given size of the computational cell - model
7 (NGI1,3]) for the 125 grain assembly and model 8 (NG[0,4]) for the 1000 grain as-
sembly. We conjecture that a normal distribution acts as an attractor for the 125 grain

assembly since the extreme values are being sampled from a smaller population of outliers.

Conjecture on multi-regime model. One possible physical explanation regarding the
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mixture of Gumbel and Normal distributions selected by the ICE criterion, should be the
existence of a multi-regime model. Let us define, for simplicity, a generic model with L
so-called regimes. We conjecture that there exist two types of attraction domains, i.e., the
so-called Gumbel attraction domain Acumpel = {CZ-}Z-:LW’L1 and Normal attraction domain

Anormal = {Ci}i—p, 1.1, justified as follows:

e given {U(r) € C;}, i = 1,..., L1, the set of resolved shear stresses from a numer-
ical realization, Ry, (k,l,m) € S3, is quasi-homogeneous (mixing enough and
marginally approximately equally distributed) in a such a way that the Dabrowski’s

[30] convergence theorem for extreme value of mixing random sequences applies, i.e.

LX()[U(r) € Ci) = G(ui, i), i = 1,..., Ly

e given {U(r) € C;}, j = L1+1,..., L, the set of resolved shear stresses from a numer-
ical realization, Ry, (k,l,m) € S3, is not quasi-homogeneous, as it is supposed
to hold under Agumper, and contains a small collection of Gaussian outliers. In such
a case, the extreme values being taken from among a small population of Gaussian
random variables, and the convergence for extreme values of Gaussian samples being
known to converge at the (possibly) slowest rate, i.e. O(log(n)~!), see Han and Fer-
reira [31], we suppose that these maxima are themselves approximately Gaussian,
i.e. L(X(r)|U(r) € C) ~N(mj,0?),j=L1+1,...,L.

In conclusion, we have the following mixture model structure:

X(r = max R I + max R I
(r) Zl<klm< klm U(r)ec: ;ﬂxk Lm<y bm UMECy
%/_/ J 1 %,_/

Ly L
distribution
= § : fg(#iﬁi) X moo+ Z fN(mijJQ') T
i=1 j=L1+1

where m; = P(U(r) €Cj),j=1,..., L.

Comment. Recall that the EM algorithm computes for each X;(r), ¢ = 1,...,n, the
probabilities to belong to the groups characterized by conditions (C;)i<;<r, providing a
very useful exploratory tool to posteriorly investigate the particular structure of each block

based on its extreme value observation.
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5 Summary and conclusions

In this work, we have addressed the problem of identifying the model that best fits a
dataset among a given finite collection of non-nested mixture models. The parameters
of the models are identified using EM or GEM algorithms. A GEM algorithm, involv-
ing a maximization step based on a neighborhood screening method, has been specially
implemented to deal with mixtures of Normal and Gumbel distributions.

To test the accuracy of the models in describing the mixture, a novel metric, the
Integrated Cumulative Error (IC'E) distance has been defined. The estimator of the ICE
distance has been shown to be asymptotically consistent and practically more efficient in
identifying the correct model than commonly used approaches, such as the ones based on
the Kolmogorov-Smirnov or Shannon-Jensen statistics.

The approach developed in this paper is used to identify a mixture that fits best the
distribution of indicators of fatigue crack formation potency (grain averaged resolved shear
stresses). The observations show that a mixture model characterizes the distribution of
interest more accurately than a single extreme value distribution, which is the hypothesis
commonly assumed. It is to be noted that the methods developed in this work have
not been applied, yet, to experimentally observed fatigue life distributions. The solution
in this case is direct, since observations of significant deviations from an assumed unique
extreme value distribution that characterizes the fatigue life distributions are widely found
in literature. The use of computational models is motivated from the numerous constraints
of performing a large number of experiments in the regime of very high cycle fatigue
life of a material. However, correlating distributions from computational models with
experimental observations for the same material would improve predictions of fatigue life
distributions. Nevertheless, the use of the methods developed in this work would better
characterize the overall fatigue life distribution of a material, which would be informative
for minimum life based design approaches. Finally, since the approach developed here is
general to the number and types of distributions that form a mixture, it can be used for
characterizing fatigue life distributions through multiple failure mechanisms as well. Thus,
the statistical framework developed in this work could contribute significantly to current

design approaches.
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7 Appendix

Let us recall some basic results on the empirical cdf F(z) = 1/n> j_; Ix, <. From well
known results on empirical processes (see, e.g., Shorack and Wellner [34]), for general

distribution function fy, we have

Vil|F = Fllo = Op(1). (15)
Lemma 1 Under assumption (R) we have, for all j € T,

|£5 = Ejlloo = O(10 = .]).

Proof. Let consider

By(@) = Fie (@) <7 (RulFia(a, 00) = Filw, 0)| + Fi(w,0) i — il )

IN

M T

< sup || F%(@, 0) |1k X [0k — Okell + [0 — 7Tj,k|>
z€R,0, €O

i

1
< max(M,1)||d — 9.]|. (16)

where the last inequality holds because of assumption (R). m

Proof of Theorem 1. 1) Let us suppose that fi # f2 on a set & with A\(€) > 0, then there
exists at least one point xg € R such that Fj(xg) # Fa(xo), and (F1, F») being continuous
functions over R, there also exists € > 0 such that |Fj(z) — Fa(x)| > 0 on |xg — &, z0 + €.

To conclude, it can be deduced that

zote dF, + dF.
ICE(f1, f2) 2/ |F1($)—F2($)|ﬁ

To—€

ii) The symmetry property is straightforward by noticing |F} — Fy| = |F» — F1| and

that Fiaq, Z‘jjzo F}  is invariant by permutation of indices.
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iii) The subadditivity is a direct consequence of the triangular inequality for the abso-

lute value and the fact that F)aq, equally considers all the F; belonging to M,. m

Proof of Theorem 2. 1) For simplicity, let us drop the dependence on j in our expression,
i.e., fi« = fx, Fjs = Fk, f] = f, F L == F. Now, denote ¥(-) := |F.(-) — Fy(-)|, and

consider the following decomposition

A, ) = [TCB(, 1)~ ICE (oo )] £ 5~ T1+ZT2

where for all [ € 7,

1 .
T = - (|F(XZ) — FO(Xz)i) - Efo(\y) )
=1
R
L) = | > (IPY) = Ra(Ya)l) - By, (9)].
=1
with Ey (V) := [, ¥(x)dFy(z), Ef, (¥) := [ ¥( (). We denote by F,, the o-algebra

generated by the random variables (Xl, e ,Xn).

We note that
Ty < D1+ Rig+ Rip, (17)
where

Dy = [‘I’(Xz') — B¢ (V)]

; Rl,IZZ%Z
Ris = fZiFo Xi)]-

According to the central limit theorem, we have D; = Op(1/y/n), and from (15) and
subsequently Lemma 1, we obtain Ry ; < max(M,1)||d, — 9.|| = Op(1/y/n) and Ry 2 <
| Fo — FOHOO = Op(1/4/n). Let us note that My := D1+ Ri1 + Ri2 = Op(1/y/n).

S|
3 ||'Mz

For the treatment of T»(1), [ € J, we drop, for simplicity and without loss of generality,
the dependence on [ in our expressions, i.e., (Y1,...,Yy) == (Y11, ..., Yn1), fisx == fs,
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K := Kj, and for k = L....K, pk(a ) = pk‘,l('a ')7 (’frlmék) = (ﬁk,laék,l)a and (Wk,*aék,*) =

(Tt O )
We propose to couple now the sample (Y7,...,Y,,) with a sample (171, e ,f/n) which is

iid according to fy, in the following way:

Y= 5:1 Hﬁk—1<U§ﬁkpk(Zk7i7 ék)7
Y = kK:I ]ka,1<U§kak(Zk,i7 9/6)7 (18)
Yi = 300 Ly <U<p Pk (Ziis O ),

where pp = Zfzo m and P = Zf:o 77, with the convention 7y = 0 and 7y = 0. Then the

term 75 can be treated as follows:

Ty < D+ Ro1+ Roo+ Ro3+ Rog, (19)

where

Ry = O|FO) - ROR)|, Rap= S0 |F(Y) ~ FYD),
=1 i=1

Rog = | S [0) ()|, Raai= |03 (W) - w()] |
i=1 =1

The three first terms in the right hand side of (19) being similar to the three first terms
in (17) we can state that My := Dy + Ra1 + Ra2 = Op(1/y/n).

Term Rp 3. We note that

1 n
Ros< =) Iy
273—nz ViV

i=1
where, denoting Ax := S0 |7ty — mg,
K
HYHAYZ- = Z(Hﬁk—1/\pk—1<Ui<l3k—1vpk—1+H13kApk<Ui<I3kVpk)’ and L (HY,-;;&YZ- ‘ fn) ~ B(Aﬂ)'
k=1
Let us remark that:
A < |9 — 0,]|. (20)
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Term Rg 4. Using the mean value Theorem and the fact that ¥’ is uniformly bounded on
R, we obtain
1< S
Raai= 5 3 IVl = ¥l
1=

where

K
k(Ziis Ok) = pr(Zii Ons)| < C Y (1 Zisl + 1] % [0k — Op.
k=1 k=1

Mw

Let us denote W; := Zle(E(\Zkﬁ +1), m = E(W;) and V := Var(Wj). To conclude,
we prove that there exists a constant v > 0 such that for all € > 0 there exists an integer
N. such that P(/nA(f, f)| >~) <e, for all n > N.. Since ‘ j — = Op(1/y/n) there
exists k > 0 such that for all 6 > 0 there exists N5 ensuring P(AS$) < ¢ for all n > N;
where A, = {

}. Let us consider v > 0 large enough such that:

K Vv
< <

€ 3
GomE 1 (a v Sap A oz (21)
()

Ck
Then,

P(AA NI 29) = P({Vaa(f. 0=} nans) + P ({vaad. nl=+}nag,)
< P({VRAU DIz 7} | Ans) + P (45,). (22)

Since D; = Op(1/+/n) and Ry 2 = Op(1/4/n), we can choose £ such that 2£/(1 — §) =
£/4(J+1) and there exists a non-negative integer N¢, such that for all n > N¢, P(y/nD; >
v) < & and P(y/nRi2 > v) < & (we suppose here that v is large enough to satisfy these
two conditions).

We now establish an upper bound for the first term in the right hand side of (22) by

P ({Vradfnl =} | Ans) (23)
< P(fMl > | An.k)

Z \/>M2 > '7’1471,&) + P(\/ﬁR2,3<l) > ’Y’An,ﬁ) + P(\/ERQAU) > ’Y’An,n)) .

Using similar reasoning for establishing bounds on the terms involving Ms (as used for

terms involving M; in (23) ), we note, according to the definition of R;; and the last
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condition in (21), that

P(V/nMy > v|Ank) < P(vnDi>9Ang) + P(vVnRi1 > v|Ank) + P(VnRi2 > Y| Ansk)
P(v/nD; > 7) . P(y/nRi2 > 7)
< NV T = I
= P(ATL,K) + P < n,’Ymax(M,l)_1|An,H> + P(An,n)
< = : (24)

< .
1—96 ~ 4(J+1)
The terms involving Rp 3 in (23) are handled by applying the Tchebychev’s inequality:

P(\/ERQ,S 2 'Y|An,/1)

1 n
<P|— I v > ~|A

1 n
= _— . — - > _ -
P (ﬁ ; (Hmém E(HY1¢Y1|fn)) >y = VnE(ly, 1 Fn)

Var (Z?:l Ly .y, ‘ An,n>
= n(y = VRE(ly, 4y, | Ank))?

An,n)
K g

< e <o (25)

since E(ly, .y, [Anx) < £/y/n due to remark (20), and first condition in (21) is supposed.
The Rj4-depending terms in (23) are handled in a similar manner by using again the

Tchebychev’s inequality:

P(vnRya > 7| An )

c’ 1§k — 19]@7* n
<P|———— Wi >~ An,f{
\/ﬁ =1
<P (> (Wi—m)>~ Vn - R
i=1 Clwk - 191@ *|
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according to the second condition in (21). The proof of i) is ended by collecting results
(21-26) and taking § = /4.

ii) First we have:
PG#j) = P (U1§j7éj*§J {@(fj*,f) > @(fj>f)})
< Y P(ICE(.5)> ICE(,. D). (27)

1<j#j<J
Next, for all 1 < j # j. < J, since A;, ; := ICE(f;, f) — ICE(fj,,f) > 0 (possibly

“arbitrarily” small), we suggest to write
{ICE(fy..5) > ICE(;, )}
= {ICE(f;.. ) = ICE(f;., 1) + ICE(f;, 1) = ICE(f;, /) > Ay}
c {IICE(fi., 1) = ICE(f., |+ ICE(f;, ) = TCE(fy, )] > By}
- {\@(fj*,f) —ICE(f;.. f)l > Aj*,j} U {\ICE(fj,f) — ICE(f;, )| > Aj*,j}

Finally noticing that, according to i) in Theorem 1, for all j € J, there exists K > 0
such that for all § :=¢/2(J — 1) > 0, there exists an integer N such that for all n > Nj:
P(ICE(f;, ) — ICE(f;, f)] = K/\/n) < 6, we can define
K
n; = min{n eEN: Aj ;> \/ﬁ} ,

which provides us, for all € > 0, the existence of an integer N, := max(Ns,n1,...,ny7)
such that, according to (27), for all n > N,:

PO#£i) < Y 3 PUTCE(e )~ ICE(f )l > 22)
1<j#5« <J k=jx,j

YooY e20-1) ==

1<j#5<J k=jurj

IN

which concludes the proof.

iii) The proof is entirely similar to the proof of ii) when replacing j. by jo and noticing
that ICE(fj,, f) =0 m

8 Supplementary Materials
Behavior of the MLE when the model is possibly misspecified
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Mixtures of Gaussian and Gumbel distributions

Assumptions checking

8.1 Behavior of the MLE when the model is possibly misspecified

In this section, we briefly recall some basic material, from White [40], regarding the asymp-
totic behavior of the MLE when the model is possibly misspecified. The first assumption

defines the structure which generates our observations.

Assumption (A1l). The iid sample X7 = (X1,...,X,), n > 1, is distributed according
to a cdf Fj on R whose density, with respect to the Lebesgue measure, is denoted fy. Since
Fp is not known apriori, we choose a family of cdfs which may or may not contain the

true structure of Fy. It is usually easy to choose this family to satisfy the next assumption.

Assumption (A2). The family of cdfs F'(-,1) admits a density f(-,d) (which will some-
times be denoted for convenience fy(-)) with respect to the Lebesgue measure on R, which
is measurable in x for all ¥ in © a compact subset of RP, and continuous in ¢ for all z € R.

Next, we define the quasi-log-likelihood of the sample as
1 n
1=

and we define a quasi-maximum likelihood estimator (QMLE) as the parameter ¥,, which

solves the maximization problem

~

D, = Lo (X7, 9). 29
arg max (XT,9) (29)

In Theorem 2.1, White [40] establishes, under Assumptions Al and A2, the ezistence, for
alln > 1, of a measurable QMLE U,,. Given the existence of a QMLE, let us precisely define
its properties. It is well known that when {F(-,9), ¥ € ©} contains the true structure
(F(-) := F(-,9) for some vy in the interior of ©), the MLE is consistent for ¥y under
suitable conditions, see e.g. Theorem 2 in Wald [39], Theorem 5.a in LeCam [33]. Without
this restriction Akaike [23] has noted that since L,(X7]',9) is a natural estimator for
E(log(f(X1,9)), U, is a natural estimator of 9, that minimizes the Kullback Leibler [32]
divergence (K), i.e.

0. = g K7, ). where K(7,fo) = (10 | 115 )- (30)

32



To support the Akaike’s observation that 9, is a natural estimator for 9,, White [40]

impose the additional condition.

Assumption (A3).
i) E(log(fo(X1)) exists.
ii) |log(f(z,v))] < m(z) for all 9 € ©, where m is integrable with respect to fo.

iii) K(f, fy) has a unique minimum at point 9, in ©.

When assumption (A3) ii) holds, 9, is globally identifiable. In Theorem 2.2, White [40]
establishes, under assumptions A1-A3, the strong .-consistency of the QMLE defined in
(29), i.e.

Op 5 9,, as n— oo, (31)

With additionnal conditions (given below), White [40] also shows that the QMLE is asymp-

totically normally distributed. When the partial derivatives exist, we define the matrices

1 G PP log(F(XG,0))
An(0) = {nZ; 09,00, i ’
se=1,...,p

B.() = {ii dlog(f(Xi, D) 8log(f(X,~,z9))} |
kl=1,..p

81% 619[

i=1

If expectation also exists, we define the matrices

aw = {5 (PG,

B(9) = {E (810g(f(X1’19)) . alog(f(XMg)))}k,z1,...,p.

vy, oY,
Finally, when the appropriate inverse exists, define
Cn(¥) = An(v“)_an(ﬁ)An(ﬂ)_17
C(W) = AW 'BW)AW).

Assumption (A4). The collection {0log((f(x,?))/00k, k=1,...,p} are measurable
functions of x for each ¥ € © and continuously differentiable functions of ¥ for each = in
R.
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Assumption (A5). The two collections {}82 log((f(:n,ﬁ))/@ﬂk(%“l‘ ,kil=1,... ,p} and
{|01log((f(x,))/00 x Olog((f(z,v))/0V]|, k,l=1,...,p}, are dominated by functions
integrable with respect to fy for all z € R and 9 € ©.

Assumption (A6).
i) The parameter 9, is an interior point of ©.
ii) The p x p matrix B(¢,) is nonsingular.

iii) The parameter ¥, is a regular point of A(¥).

Under assumptions A1-6, White ([40], Theorem 3.2) establishes the asymptotic nor-
mality of the QMLE, i.e.

Vi, —9,) -5 N(0,C(0,)), as n— +oo. (32)

Remark. Tt is important to recall that if we suppose g(-) = f(-, %) for ¥g € O, then the
QMLE Uy is simply called MLE and if assumptions A1-A6 hold, the MLE is consistent
and asymptotically normally distributed according to (29) and (32) when replacing 9. by
Jo.

8.2 Mixtures of Gaussian and Gumbel distributions

Identifiability. In this paragraph, we propose to establish the identifiability of finite
univariate mixtures of Gaussian and Gumbel distributions. Let us first establish a more
general result on two-group univariate mixtures. Consider £ and G two families of distri-

bution functions defined by:
L:={L(x;0): reR,0€0}, G:={G(x;¢): z€R, ¢ €V} (33)

where © and ¥ denote parametric spaces. We consider the set H of all finite mixtures
sourcing their distributions in groups £ and G defined by:

ni ni+ng ni+ns2
H = H(x) = ZCiLi(l') + Z CjGj($), Z c =1, ¢; >0, (TLl —|—n2) € N* x N* .(34)

i=1 j=ni+1 i=1
The class of mixture models H is said identifiable if and only if H has the unique repre-

sentation property:

ni ni+na nll n/1+n/2
YoaLi@+ Y ¢Gi(a) =) L@+ Y ¢Gi(w)
=1 j=ni1+1 k=1 l=nf+1



which implies n; = n}, ny = nb, and for each i, 1 < i < n; and respectively, each j,
1 < j < ng, there is some 1 < k < n; and respectively, some 1 <[ < ng, such that F; = F,;
and G; = GJ.

Theorem 3 Let F and G two families of cdfs with respective transforms a(t) and ~(t)
defined for t respectively in Do and Dg (the domains of definition of o and ~) such that
the mappings L — o and G — «y are linear and one-to-one. We denote by I, and I, the
largest interval contained respectively in D, and Dg. Let us denote for all F € F UG by
pPF, its associated transform. Suppose that there exists a total ordering of F UG, denoted
by = and satisfying G < F if (F,G) € F x G, such that for all (F1,Fy) € (FUG)? the
condition Fy < Fy implies (i) I, C Ipp, (ii) the existence of a certain ti in the closure

of Dpp, (t1 being independent of pr,) such that

t=t pfy (t)
then the class of finite mixture H is identifiable.

Proof. The proof of this result is entirely similar to the proof of Theorem 2 in Teicher
(1963). m

Corollary 4 Let F be the family of Gaussian cdfs and G, the family of Gumbel cdfs, then

the class of finite miztures sourcing their distributions in groups F and G is identifiable.

Proof. Let us consider a(-) and ~y(-) the respective moment generating functions of
F and G, where D, = R and D, C R. We order each family lexicographically by:
Fi ~ N(my,0?) < Fy ~ N(mg,03) if 01 > 03 or if o1 = o2 but m; < ms, and
G1 ~ G(u1,P1) < Fo ~ G(ua,B2) if f1 > P2 or if B = P2 but u1 < pe. We cross or-
der families 7 and G by: G € G < F € F since Dy, C D,,..

Case (F1, Fy) € G x G. The moment generating function of a Gumbel distribution G(u, /3)

is given by

() =e"T(1-pt),  Bt¢ N,
and, for i = 1,2, the largest interval contained in Dy, is I, = (—00,1/8;), which implies
Ipr, € Loy, if Fy < Fy. If B < (31 then there exist t; = 1/ such that

pot _
po Pt e )

= —= - = 0.
= o (8) ok e IT(1 = i)
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If B2 = 1 and 1 < pe there exists t| = —oo such that

t pat
T 10 N
t—t1 ppy (t)  t——oc et

Case (Fy, Fy) € F x F. The moment generating function of a Normal distribution A/ (m, o2)

is given by

at) = emitzott? teR,

)

and for ¢ = 1,2, Dy, = I, = (—00,400). In that case, application of Theorem 3 is
straightforward by taking ¢; = +o0o (the calculations are similar to Teicher [38] who con-

siders the Laplace transform instead of the moment generating function).

Case (F1, Fy) € G x F. Since our total ordering is completed by DpF1 C DpF2 = F < B,
we have for all Fi ~ G(u1,51) € G and all Fy ~ N(ma,03), Lpp, = (=00, 1/B1) C Iy, =
(—o00,+00), and there exists ¢; = 1/3; such that

1. 2,2
6mt+§a t

0 pp(B) ok en (I — B

:()7

which concludes the proof. =

8.3 Assumptions checking

Assumption (G). For the Normal distribution and the Gumbel distribution, it is enough
to simulate random variables according to N'(0,1) and respectively, G(0,1) distribution,
and consider the transformation p(y,m,o) := (y — m)/o and p(y,pu, 5) = (y — n)/p.
Moreover the condition (12) is clearly satisfied in the Gaussian and Gumbel case since
generically for all (m,m’) € [m,m]? and (0,0’) € [o,7]* we have

r—m x—-—m

ot _ -
\p(x,m,a) p(y7m7o'>‘ - o O',

o -0 m—m'
< (x| +m) — |+ ;
go g
< (el +m) |75+
T m
- a? led
max(1,m
< DXL (o — o' 4 m - )

min(c, o?)

— (el + D)o - 0.
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for C' := max(1,m)/ min(g, o?).
Assumption (R). For the Gaussian pdf Fi/(mm 02)(-) = Fy(+,0) where 0 = (m,0) €

[m,m] x [o,7]| we have, for all x € R,

P r—m)\ 1 1 1
Ay = o= = :
'8m N(x’m‘ ‘fN(O’l) ( o ) o| = ymo? © \/rmin(c?,03)’
) r—m)\ 1 1 1
—F = — | 5| < < ’
o N(a:ﬂ)‘ ‘f/wo,l)( o )U2 = V/7mod T /mmin(g?,03)

For the Gumbel pdf Fg(, () := Fg(:,0) where 6 = (u, 3) we have, for all z € R,

9 _ i e S
‘GMFQ@,G)‘ = ‘fg(0,1)< 3 )5‘§652§emin(52,53)’

9 _ rpy :
57| = |foun (52 5 cmin(.5°)

Assumption (A3) ii) . For any Gaussian pdf fyr(,, 52) with parameters (m, o) € [m, m] x

< <

1
ef33
[0, 7], we have the following upper-bound:

1 1 /(z—m)\?
I — — .
f./\f(m,o2)(x) > TTFQQ (Emgmgm exp < 5 < = ) ) Hccgm

+exp <—; (x ;m>2> HmZTn) = by(a).

For any Gumbel pdf fg(, s with parameters (u,3) € [p, 1] x [, ], we can propose a

similar upper-bound whose construction is detailed hereafter. For this purpose, we note
that for u € (0,+00), the function r(u) := exp(—u)u is strictly increasing on (0, 1] and
strictly decreasing on (1,+oc). Thus for all z > 0, since exp(z/8) > exp(xz/B) > 1 we
obtain r(exp(z/B)) > r(exp(x/3)). Next for all z < 0, since exp(z/8) < exp(z/B) < 1 we
also obtain 7(exp(z/3)) > r(exp(z/3)). Using this observation, we establish easily that:

fotun(@) < 5 (Tusozz 7 (000 (52 ) ogy 7 (0 (T57) ) ) += (o)

In conclusion, we have

log (Z fN(miaU?)(x)—i_ Z fg(m@)@))
i=1

i=ni1+1
< log (n1bpr(z) + nabg(z))

< log(ny + no) + log (b () + log (bg () := m(a),
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which implies that fy must have to integrate exp(x/S) over R. Note that this condition

always holds if fjy is a mixture of Normal and Gumbel distributions.

Assumption (A3) iii). The identifiability property established in Section 8.2 is a nec-
essary condition but cannot insure that (A3) iii) is automatically satisfied.

Assumption (A4-5). Checking assumption A4 is straightforward. We can prove, sim-
ilarly to the result established for (A3), that (A5) is satisfied if fp admits exponential

moments.

The remaining standard assumptions involving fo, i.e. Al, A3 1) and iii), A6, are generally

imposed.

Model label  Model 125-FS  125-PBC 1000-FS 1000-PBC

1 NG[0,1] 0.015154 0.023928 0.014659  0.010650
2 NGI[1,1] 0.008158 0.007290 0.008982  0.009624
3 NG[0,2] 0.010069 0.008906 0.008480  0.012682
4 NGI[1,2] 0.007748 0.008262 0.006828  0.008576
) NGJ[0,3] 0.009824 0.007076 0.006731  0.008937
6 NG[2,2] 0.007598 0.006328 0.006679  0.007552
7 NGI[1,3] 0.005013 0.005218 0.006713  0.008418
8 NGJ[0,4] 0.005018 0.007088 0.006239  0.006226

Table 4: ICE values for different mixtures, various computational cell sizes (125 and 1000

grains) and boundary conditions (FS=Free Surface, PBC=Periodic Boundary Condition).
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